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Preface xiii

Preface

1. One of the most important problems in the theory of entire functions
is the problem of the distribution of the zeros of entire functions. Many other
problems in fields close to the complex function theory lead to this problem.
The connection between the growth of an entire function and the distribution
of its zeros was investigated in the classical works of Borel, Hadamard, Jensen,
Lindeléf, Nevanlinna, and other authors. Many excellent books are concerned
with the zeros of entire functions but deal mainly with the asymptotic distri-
butions of zeros. However, in various applications, for example, in numerical
mathematics and system theory, the bounds for zeros are very important, but
the bounds are investigated considerably less than the asymptotic distribu-
tions. The suggested book is devoted to the bounds for the zeros of entire
functions and variations of zeros under perturbations.

The contents of the book are closely connected with the following well-
known results: the Hadamard theorem on the series of powers of the zeros of
finite order entire functions, the Jensen inequality for the counting function,
the Ostrowski inequalities for the real and imaginary parts of the zeros of
polynomials, and the Hurwitz theorem on the preservation of multiplicities of
zeros. A considerable part of the book deals with the following problem: if
the Taylor coefficients of two entire functions are close, how close are their
zeros? In particular, we estimate the distance between the zeros of an entire
function and its critical points, as well as the distance between the zeros of
an entire function and the zeros of partial sums of its Taylor series.

The book suggests a new approach to the investigation of entire func-
tions, which is particularly based on the recent estimates for the resolvents of
compact operators.

2. The book consists of 12 chapters.

Chapters 1 and 2 are of a preliminary character. The material of these
chapters is systematically used in the proofs of the results presented in the
remaining chapters of the book. In Chapter 1, we accumulate results about
finite matrices. In particular, we present various inequalities for the eigenval-
ues and singular values of matrices. In addition, we discuss estimates for the
resolvents and determinants of finite matrices and variations of eigenvalues
under perturbations. Chapter 1 also contains the well-known inequalities for
convex functions. Chapter 2 discusses some concepts and results of the spec-
tral theory of compact operators in a Hilbert space, which are used in this
text. The major part of the chapter is devoted to the eigenvalues and singular
values of the Schatten - von Neumann operators, as well as to estimates for
the resolvents and spectrum perturbations of these operators. The regularized
determinants are also considered.

Chapter 3 contains the background material. It is a collection of the basic
conceptions and classical theorems of the theory of entire functions, such as
the Weierstrass theorem on the representation of an arbitrary entire function
by an infinite product and the Hadamard theorem on the representation of

© 2010 by Taylor and Francis Group, LLC



xiv Preface

a finite-order entire function by a canonical product. The classical results of
Borel, Hadamard, and Lindeléf on the connections between the growth of an
entire function and the distribution of its zeros, and the Jensen theorem on
the counting function of zeros are also included in that chapter.

In Chapter 4, various inequalities for the zeros of polynomials are pre-
sented. The material of this chapter is basic for the next chapters, where the
corresponding results are derived for entire functions via limits of sequences
of polynomials.

Chapter 5 is one of the main chapters of the present book. Let f be an
entire function whose zeros z1(f), z2(f), ... taken with their multiplicities are
enumerated in the increasing order. If f has [ < oo finite zeros, we put

1
(/)

In Chapter 5, estimates for the sums

=0 (k=1+1,1+2,..).

J 1 o
2 Ty U2

> 1 > 1,
Sp(f) ::;W and J,(f) r=};|1m Zk(f)l (p = p(f))

are derived. Here p(f) is the order of f. These estimates enable us to obtain
inequalities for the counting function of the zeros of f that supplement the
Jensen inequality. We also establish relations between the series

)= : (m > p(f))

and the traces of certain finite matrices.

In Chapter 6, we investigate the variations of the zeros of finite-order entire
functions under perturbations. In particular, the distance between the zeros
of an entire function and its critical points is estimated. Also the distance
between the zeros of the Taylor series and the zeros of its tail is investigated.

In Chapter 7, in the case of entire functions whose order is less than two,
we improve the perturbation results derived in Chapter 6. In addition, in
Chapter 7, an identity between the sums

o 1 \2 s 1 \2
Xz:(fm m) and kZZI(Re Zk(f))

k=1

is established.
An entire function f is said to be of the exponential type if it satisfies the
inequality
If(2)] < Me®#l (M, o = const; z € C).

© 2010 by Taylor and Francis Group, LLC



XV

In Chapter 8, for the exponential type entire functions, some results from
Chapters 5 and 7 are detailed. Besides, an essential role is played by the
Borel transform.

A quasipolynomial is an entire function of the form

n m

f(z)= Zch;gzje’\’“z (¢jk, A = const; z € C).

=0 k=1

The Borel transform of a quasipolynomial is easily calculated. This fact en-
ables us to obtain in Chapter 9 explicit bounds for the zeros of quasipolynomi-
als. In addition, in that chapter two-sided estimates and positivity conditions
for quasipolynomials on the positive half-line are derived. Applications to
differential and functional differential equations are also discussed.

Chapter 10 contains additional results on the zeros of entire functions. In
particular, the transforms that generalize the Borel transform are introduced.
Also upper and lower bounds for the canonical products are established.

Chapter 11 is concerned with polynomials having matrix coefficients (poly-
nomial matrix pencils). Bounds for the sums of characteristic values are es-
tablished. In addition, variations of the characteristic values of polynomial
matrix pencils under perturbations are investigated. Also coupled systems of
polynomial equations and vector difference equations are considered.

Chapter 12 deals with entire matrix valued functions. In particular, bounds
for characteristic values are derived in terms of the Taylor coefficients. Appli-
cations to vector differential equations are also discussed.

3. The present book is the first book that presents a systematic exposition
of the bounds for the zeros of entire functions and variations of zeros under
perturbations. It is also the first book that systematically deals with the
operator approach to the theory of analytic functions.

The book is directed not only to specialists in the theory of analytic func-
tions but to anyone interested in various applications who has had at least a
first-year graduate-level course in analysis.

Acknowledgment. This work was supported by the Kamea Fund of
Israel.
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Chapter 1

Finite Matrices

1.1 Inequalities for eigenvalues and singular numbers ........................ 1
1.2 Inequalities for convex functions ...............c..coiiiiiiiiiiiiiii. 3
1.3 Traces of powers of matrices ............cooiiiiiiiiiiiiiiiii 4
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1.8 Preservation of multiplicities of eigenvalues ....................... ... ... 16
1.9 An identity for imaginary parts of eigenvalues .......................... 17
1.10 Additional estimates for resolvents ............ ... .. i, 18
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1.12 Cassini ovals and related results ............ ... i 23
1.13 The Brauer and Perron theorems ............ ... . ciiiiiiiiiiiin... 27
1.14 Comments to Chapter 1 ... ... e 28

This chapter is of a preliminary character. Here we accumulate results about
finite matrices. In particular, we present various inequalities for the eigen-
values and singular values of matrices. In addition, we discuss estimates for
the resolvents and determinants of finite matrices, as well as variations of
eigenvalues under perturbations. The chapter also contains the well-known
inequalities for convex functions. The material of this chapter is systemati-
cally used in the proofs of the results presented in the remaining chapters of
the book.

1.1 Inequalities for eigenvalues and singular numbers

Let C" be the complex n-dimensional Euclidean space with the unit matrix
I, a scalar product (.,.) and the Euclidean norm ||h|| = y/(h,h) (h € C™).
For an n x n-matrix A, \y(A), &k = 1,...,n are the eigenvalues repeated
according to their algebraic multiplicities and enumerated in the decreasing
way: |[A(A)| > [Ap+1(A)[; A* is the adjoint matrix. The eigenvalues sy (A)
(k=1,...,n) of matrix (A*A)'/? taken their multiplicities and enumerated in
the decreasing way are called the singular numbers (s-numbers) of A. Ap =
3(A + A*) is the real component and A; = (A — A*) is the imaginary

1
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2 1. Finite Matrices

component of A. In addition,

o(A) = {M(A) iz

denotes the spectrum of A; Ry(A) = (A —IX)~! (X € o(4)) is the resolvent
of A.

Lemma 1.1.1 (Weyl’s inequalities) For any n X n-matriz A, the inequalities

k k
STINMA) <D si(A) (k=1,...,n)
j=1 j=1

are valid. They become equalities if and only if A is normal: AA* = A*A.

For the proof see [Gohberg and Krein, 1969, Section I11.3.1], [Pietsch, 1987].
The following lemma is very useful.

Lemma 1.1.2 Let A and B be n X n-matrices. Then

D sk(A+B) <Y sk(A) +sk(B) (G=1,...,n).
k=1

k=1

This result is proved in [Gohberg and Krein, 1969, Section I1I.4.2].
Let {er} be an orthogonal normal basis in C™. Then

Trace A=Tr A= Z(Aek, er).
k=1

In addition,

n

Np(4) = {/Tr (Adsywr2 = [ 3 sh(a) 7

k=1

for a finite p > 1, is called the von Neumann - Schatten norm of A. In

particular,
n

No(A) 1= /Tr (AA*) = [ Y s}(A) k&

k=1

is the Hilbert-Schmidt (Frobenius) norm. This equality is equivalent to the

following one:
= (X laa)"",
Gk=1

where a;i (j,k =1,...,n) are the entries of A in an orthogonal normal basis.
Let
rs(A) = ml?XMk(A)'

© 2010 by Taylor and Francis Group, LLC



1.2. Inequalities for conver functions 3

be the spectral radius of A. The Gel’fand formula
rs(4) = lim y/[|A*]
k—o0

is valid. The limit always exists. Moreover,
rs(A) < 4/ [1A%]

rs(A) < || A].

for any integer k > 1. So

We need also the following result.

Lemma 1.1.3 The spectral radius rs(A) of a matriv A = (a;x)7,—; satisfies
the inequality

n
rs(A) < mJaXZ |aj|.
k=1
The proof of this result can be found in [Krasnosel’skij et al., 1989, Section 16].
The following result is proved in [Gohberg and Krein, 1969, Lemma I1.6.1].

Lemma 1.1.4 Let S\k(A), k=1,...,m < n, be the nonreal eigenvalues of
an n X n-matriz A, repeated according to their algebraic multiplicities and
enumerated in the decreasing way:

[Tm A(A)] > [Im Apy1(A)] (k=1,...,m—1).
Then
k R k
STIm A <Y si(An) (k=1,...,m).
j=1 j=1

1.2 Inequalities for convex functions

The following result is classical, cf. [Hardy, Litllwood, and Polya, 1934],
[Gohberg and Krein, 1969, Lemma I1.3.4], [Gohberg et al., 2000, p. 53].

Lemma 1.2.1 Let ¢(x) (—oo < z < 00) be a convex continuous function,
such that

¢(—00) = Tim ¢(z) =0,

r——00

and
aj,bj (] = 1,2,...,[ < OO)

© 2010 by Taylor and Francis Group, LLC



4 1. Finite Matrices

be two nonincreasing sequences of real numbers, such that

Z <) b (j=1,2,..0).
k=1 k=1

Then

> dlar) <D dbk) (G =1,2,...,1).
k=1

k=1

The next result is also well known, cf. [Gohberg and Krein, 1969, Chapter I1],
[Gohberg et al., 2000, p. 53].

Lemma 1.2.2 Let a scalar-valued function ®(t1,1s,...,t;) with an integer j
be defined on the domain

—OO<tj Stjfl... <ty <t <00

and have continuous partial derivatives, satisfying the condition

8<I>>8<I>> >aq)>0ft>t> >t
—_— —_— or ;
ot~ Oty ot; Lo Ek

and ag,br (k= 1,2,...,5) be two nonincreasing sequences of real numbers
satisfying the condition

m m
doak <Y b (m=1,2,....5).
k=1 k=1

Then <I>(a1, ...,CLj) < (I)(bl, ,b])

1.3 Traces of powers of matrices

For a natural n > 2 introduce the n x n-matrix

—aq —ag ... —QAp—-1 —ap
1 0o .. 0 0
A,=]1 0 1 .. 0 0 (3.1)
0 0o .. 1 0

with given complex numbers ag, k=1,...,n

© 2010 by Taylor and Francis Group, LLC



1.8. Traces of powers of matrices 5
Lemma 1.3.1 For any natural m < n, we have the equality
Trace A" = Trace A],

where Ay, is defined by (3.1) with n = m.

Proof: Let m < n. Consider the n x n-matrix

bll b12 bl,nfm bl,nfl bl,n
b21 b22 b2,n7m b2,'n,71 b2,n
bml bm? bm,n—m bm,n—l bm,n
Brm = 1 0o .. 0 0 .
0 1 .. 0 0 0
. . . 0 0
0 0o .. 1 0 0

with some entries b;;. The direct calculations show that the matrix Cy, 11 1=
By,,m Ay, has the form

C11 C12 Cl,n—m—1 Cl,n—1 Ci,n
C21 C22 C2 n—m—1 C2n—1 C2.n
Cm1 Cm2 Cm,n—m—1 Cm,n—1 Cm,n
CVn,m+1 = Cm+1,1 Cm+1,2 Cm+1,n7m71 Cerl,nfl Cm+1,n
1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
where
cik = —bjrar +bj 41 (1 <j<m,k<n),
Cin = —bjian, (1< <m), emprn =—ar (1<k<n). (32)
Hence
m+1 m
Trace Cpamy1 = E Ckk = — Z briar + b g1 — Gmo1- (3.3)
k=1 k=1

Now put By, = Ap', m=1,2,....,n—1. Then Cy, ypt1 = A;’?Jrl. Let ay}:) be
the entries of A™. Then according to (3.2) and (3.3),

m—+1 m m
aék ) = 7a§41 Jay, + a§7k)+l (k <n);
aY:H) = —aylman (1<j<m); a%’fﬁ,{, = —ay.
Thus,
Trace AZH—l = Z(_al(:ln)ak + al(cw,rlz:)le) — Am+1 (34)
k=1
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6 1. Finite Matrices

Then taking m = 2,3, ..., we can assert that Trace A} contains ay, ..., am,
only, and Trace A} = Trace Aj:. This proves the required result for m < n.
The case m = n is trivial. Q. E. D.

Remark 1.3.2 From (3.4) we have
Trace A2 = a3 —2ay (n>2)

and
Trace A3 = —a3 + 3a1a — 3az (n > 3).

1.4 A relation between determinants and resolvents

In this section, for the brevity, we denote the Hilbert-Schmidt norm of a
matrix A by N(A). That is, N(A) = Na(A).

Theorem 1.4.1 Let A be an n X n matriz and I — A be invertible. Then

(I —A)~" det (I —A)| <
[+ ﬁ (N*(A) = 2Re Trace (A) + 1)) "1/, (4.1)

The proof of this theorem is presented in this section below. Let us mention
the following consequence of this theorem.
Corollary 1.4.2 Let A be an n X n-matriz. Then

I(IX = A)~" det (A = A)|| <

N2(A) — 2Re (X Trace (A)) +n|A?
n—1

[ D2 (A g o (a)). (4.2)

In particular, let V' be a nilpotent matriz. Then

IIx = V)~ <
o B e (S o) ®

Indeed, inequality (4.2) is due to Theorem 1.4.1 with A1 A instead of A, and
the equality |A\|2A~! = X taken into account. If V is nilpotent, then

|det (\I — V) |2 =det (IXN—V) det (IX—V*) = |\*".

Moreover, Trace V = 0. So (4.2) implies (4.3).
To prove Theorem 1.4.1, we need the following lemma.
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1.4. A relation between determinants and resolvents 7

Lemma 1.4.3 Let A be a positive definite Hermitian nxn matriz: A = A* >

0. Then T 4
A7 det ]| < [—255)"
.

Proof: Without loss of generality, assume that

An(A) = A IIllil’l Ak (A).

Then [|[A7L|| = A\, 1(A) and
n—1
JA™" det Al = J] As(A).
k=1

Hence, because of the inequality between the arithmetic and geometric mean
values, we get

n — n —

n—1
”A—l det AH < [%ZAk]nfl < [% Trace A]n717
k=1

since A is positive definite. As claimed. Q. E. D.

Proof of Theorem 1.4.1: For any A € B(C™), the operator
B:=(I—-A)I-A")
is positive definite and
det B=det (I — A)(I — A*) =det (I — A)det (I — A*) =
|det (I — A)|?.

Moreover,

Trace [(I — A)(I — A*)] = Trace I — Trace (A + A*) + Trace (AA*) =

n — 2Re Trace A+ N?(A).

But
B = (I = AT — A" = (T - 7>

Now Lemma 1.4.3 yields
|B~1det Bl| = (I — A)~" det (I - A)|? <

[n i 1 (n+ N%(A) — 2Re Trace (A))]n_1 =.

n—1

[1 + ﬁ (N?(A) — 2Re Trace (A) + 1)} ;

as claimed. Q. E. D.
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8 1. Finite Matrices

1.5 Estimates for norms of resolvents in terms of the
distance to spectrum

Let A = (a;i) be an n x n-matrix (n > 2). The following quantity plays
an essential role in this section:

g(A) = (N3(4) = > (a2, (5.1)
k=1
Since
> A(A)? > |Trace A%,
k=1
we get
g*(A) < Ni(A) — |Trace A?. (5.2)

Theorem 1.5.1 Let A be an n X n-matriz. Then for any reqular A of A,

1 1 g*(A
2

gl )10

A= 47 < - —

where
p(AN) = min A= (A)

is the distance between o(A) and a complex point .
To prove this theorem, consider the Schur triangular representation
A=D+YV, (5.3)

where D is the diagonal (normal) matrix and V is the nilpotent (upper trian-
gular) matrix. Besides the spectra of A and D coincide:

o(A) =0o(D). (5.4)
About the triangular representation see for instance [Gantmacher, 1967]. We

will call D and V' the diagonal part and nilpotent one of A, respectively.
First, let us prove the following;:

Lemma 1.5.2 For any linear operator A in C™, we have
N3 (V) = ¢°(A) i= N3 (A) = > (A,
k=1

where V' is the nilpotent part of A.
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1.5. Estimates for norms of resolvents in terms of the distance to spectrum 9

Proof: Let D be the diagonal part of A. Then, as it is simple to check, both
matrices V*D and D*V are nilpotent. Therefore,

Trace (D*V) =0 and Trace (V*D) = 0.

It is easy to see that
Trace (D*D) =Y [Ax(A)[*.
k=1

Hence due to (5.3)

N%(A) = Trace (D + V)*(V + D) = Trace (V*V + D*D) =

N (V) + D (AP,
k=1
and the required equality is proved. Q. E. D.
Proof of Theorem 1.5.1: From (5.3) it follows
(IN=A)'=(IN-D-V)'=I\N-D)"Y(I+By)", (5.5)

where By := —V (IA—D)~!. But operator B, is a nilpotent one. So Theorem
1.4.1 implies

_ 1+ N2(B e
10+ B < 14 B ez (5:6)
Take into account that
1
Ny(By) = No(V(IX = D)™ ") < |(IX = D) [No(V) = ——=—=Na(V).

p(D; )
Moreover, because to Lemma 1.5.2, N3(V) = g(A). Thus,

o4 g4
MBI = 05N = AN

Now (5.5) and (5.6) imply the required result. Q. E. D.

Note that from Lemma 1.5.2 it follows
g A+ 2I) = g(A)

for all 7 € R and z € C, since the nilpotent parts of e/” A+ 2I and A coincide.
Note also that from Theorem 1.9.1 proved below it follows the useful inequality

P(4) < %NQ(A* —A). (5.7)
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10 1. Finite Matrices

For example, consider the n x n-matrix

—ay cee —Ap—1 —Qp
1/27v ... 0 0
A= | e 0
0o ... 1/n 0
with complex numbers aj;, and a constant v > 0. Take into account that
a? —as/27 ... aian_1 @16y,
—ay /27 cee —Ap—1/27 —a, /27
A%(y) = 1/67 e 0 0
0 ... 0 0

Thus, we obtain
Trace A%(y) = a3 — 2 as.

Inequality (5.2) implies
9°(An(7)) < N*(An (7)) — [Trace A7 (7)].
Hence we get

Lemma 1.5.3 The inequality
- 1
I (An) = 3 (laxl® + 157) =1 = lat = 2'ay|
k=1

s valid.

1.6 Bounds for roots of some scalar equations

Let us consider the algebraic equation

2" = P(z) (n>1), where P(z) = Z cjz" It (6.1)

Jj=0
with non-negative coefficients ¢; (j = 0,...,n — 1).

Lemma 1.6.1 The extreme right-hand root zy of equation (6.1) is non-negative
and the following estimates are valid:

2 < [P(D))Y™ if P(1) <1, (6.2)

and
1<z <PQ1) if P(1)>1. (6.3)
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1.6. Bounds for roots of some scalar equations 11

Proof: Since all the coefficients of P(z) are non-negative, it does not de-
crease as z > 0 increases. From this it follows that if P(1) < 1, then zo < 1.
So z{ < P(1), as claimed.
Now let P(1) > 1, then due to (6.1) zg > 1 because P(z) does not decrease.
It is clear that
P(z) < 2071P(1)

in this case. Substituting this inequality in (6.1), we get (6.3). Q. E. D.

Setting z = az with a positive constant a in (6.1), we obtain

n—1
Ci .
" = Z ajil A (6.4)
Jj=0
Let
=92 i+1/C..
R R i AR
Then
n—1 s n—1
J —j—1 _ 1 _9-n
ZajHSZQ =1-2 <l
j=0 j=0

Let zo be the extreme right-hand root of equation (6.4), then by (6.2) we have
o < 1. Since zg = axy, we have derived the following result.

Corollary 1.6.2 The extreme right-hand root zy of equation (6.1) is non-

negative. Moreover,
20 <2 max itYcs.
§=0,....n—1 J

Furthermore, consider the scalar equation

Zakzk =1 (6.5)
k=1

where the complex, in general, coefficients ag, k = 1,2, ... have the property

Yo:=2 sup /]ar| < oo.
k=1,2

32,

Lemma 1.6.3 Any root zy of equation (6.5) satisfies the inequality |zo| >
/7.

Proof: Substitute in (6.5) 2o = 27, *. We have

> a > Jag]
1= —I;;xk < E —ka
k=110 k=1 10

But
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12 1. Finite Matrices

and therefore, |z| > 1. Hence,

1 1
|20l = — o] = —.
Yo Yo

As claimed. Q. E. D.
The following lemma will be used to investigate perturbations of finite-
order entire functions.

Lemma 1.6.4 For any integer p > 1, the extreme right (unique positive) root
zq of the equation

p—1

1 1 1
Z W exp [5(1 + yTp)] =a (a = const >0) (6.6)
§=0

satisfies the inequality z, < dp(a), where

6()_ pe/a ifagp€7
P i (a/p) VP ifa > pe
Proof: Assume that

pe > a. (6.7)
Since the function

p—1
1 1 1
fly) = ZW exp [5(1 + ﬁ)]

§=0
is nonincreasing and f(1) = pe, we have z, > 1. But because of (6.6),
1 1 o pe
Za = — —exp [=(1+2,7)| < —.
PR EAHE

So in the case (6.7), the lemma is proved. Now let

pe < a. (6.8)
Then z, < 1. But
p—1 1
Za:j'H <pzP <pexp[zF —1] <pexp [§(x2p +1) — 1]
3=0
— 1 2p _ 1 > 1
=peap [(z )] (z=1).
So
k| 1 1 1
fly) = ZW erp [5(1+ yTP)} <pexp [ﬁ] (y<1).
3=0
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1.7. Perturbations of matrices 13

But z, <1 under (6.8). We thus have

0= () < pesp [ 5]

Or 1

P ——
“ ~n(a/p)
This finishes the proof. Q. E. D.

We need also the following simple result.

Lemma 1.6.5 The unique positive root zg of the equation

z

ze® =a (a = const > 0) (6.9)

20 > In [%4-\/%—1—(1]. (6.10)

If, in addition, the condition a > e holds, then

satisfies the estimate

20 >Ina—Inlna. (6.11)

Proof: Since z < ¢* — 1 (2 > 0), we arrive at the relation a < 20 — ¢,
Hence, e*® > 7y 5, where 71 5 are the roots of the polynomial y? —y — a. This
proves inequality (6.10).

Furthermore, if the condition a > e holds, then zge*® > e and zg > 1. Now
(6.9) yields e® < a and zy < Ina. So

a = zpe® < e*ln a.

Hence, inequality (6.11) follows. Q. E. D.

1.7 Perturbations of matrices

Let A and B be n x n-matrices. The following quantity

is called the spectral variation of B with respect to A, see [Stewart and Sun,
1990].
Denote
q=|A-Bl,
where ||.|| is the Euclidean norm, again.
Recall also that o(A) denotes the spectrum of A.
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14 1. Finite Matrices
Lemma 1.7.1 For any p € o(B), we have either p € o(A), or
a7 (A)] = 1.
Proof: Suppose that the inequality
qllR.(A)] < 1. (7.1)
holds. We can write R, (A) — R,(B) = R,(B)(B — A)R,,(A). This yields
[Ru(A) — Ru(B)|| < [[Ru(B)llal Ry (A)]-
Thus, (7.1) implies
IR.(B)I| < [Ru(A)(1 = gl Ru(A)]) 7"

That is, p is a regular point of B. This contradiction proves the result.
Q. E. D.

Lemma 1.7.2 Assume that

IRA(A)] < qb(m) for all regular X of A, (7.2)

where ¢(x) is a monotonically increasing non-negative function of a non-
negative variable x, such that ¢(0) =0 and ¢(c0) = oo. Then the inequality

sva(B) < z(¢,q)
is true, where z(¢, q) is the unique (positive) root of the equation
w6() =1 (73)
Proof: This lemma is a particular case of Lemma 2.12.2 proved in the next

chapter. Q. E. D.

Lemma 1.7.3 Let A and B be n X n-matrices. Then
SUA(B) < y(q7 A)7
where y(q, A) is the unique nonnegative root of the algebraic equation

1= %[1 + ﬁ(l + %) D2, (7.4)
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Proof: This result immediately follows from Lemma 1.7.2 and Theorem
1.5.1. Q. E. D.

Put in (7.4),
r=—2_
9(A)
Then (7.4) takes the form
q 1 1 (n—1)/2
14+ —(1+—= =1.
:rg(A)[ +n—1( +x2)]
Or
= (1 1 )+ 1 el
g(A) n—1 n—1 '
Denote
2 (n-1)/2 n+ 1 m-1)/2
S C e LA e

Lemma 1.6.1 implies y(q, A) < (A4, ¢q), where

1-1/n n :
_Jg (A) /qu,  if vuq < g(A)

Now from Lemma 1.7.3 it follows

Corollary 1.7.4 Let A and B be nxn-matrices. Then the inequality sva(B) <
0(A,q) is valid.

Now let us consider perturbations of determinants.

Theorem 1.7.5 Let A and B be linear operators in C™. Then for any integer
p>1, one has

N,(A-B), 1

det (A) — det (B)| < == (14 S (Np(A+ B) + Ny(A - B) )"

Proof: The function det(A+AB) is a polynomial in A. Besides the operators
A and B can be considered as elements of the space C™*™ with norm N,,.
Moreover, making use of the inequality for the arithmetic and geometric mean
values, we have

et (A = TT NP < (S IN(AP)" < Nz (4).
k=1 k=1

Now the required result is due to Lemma 2.14.1 proved below. Q. E. D.
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16 1. Finite Matrices

1.8 Preservation of multiplicities of eigenvalues

For a b € C and an r > 0, put
Qb,r):={z€C:|z—b| <r}.
Lemma 1.8.1 Let A and B be n x n-matrices. Assume that
A has an eigenvalue N\(A) of the algebraic multiplicity v. (8.1)
Let condition (7.2) hold. In addition, with the notations ¢ = ||A — B|| and

A) = i t—MA)|/2
B(A) tEcr(fIXI)l,ltI;éA(A)l (A)l/2,

for a positive r < B(A), let
q¢(%) <l (82)

Then the set o(B) NQ(A(A),r) consists of eigenvalues, whose total algebraic
multiplicity is equal to v.

Proof: This lemma is a particular case of Lemma 2.13.1 proved in the next
chapter. Q. E. D.

Since ¢ monotonically increases, from the latter lemma we obtain the
following result.

Corollary 1.8.2 Under conditions (8.1) and (7.2), let z(¢,q) be the unique
positive root of equation (7.3). Then the set o(B) N Q(A(A),r(¢,q)) consists
of eigenvalues of B, whose total algebraic multiplicity is equal to v, provided

2(¢,q) < B(A).

From Lemma 1.8.1 and Theorem 1.5.1, we at once obtain the following
result.

Corollary 1.8.3 Let A and B be n X n-matrices, and the conditions (8.1)
and

1 g*(4) )]0
n—1 r2(A,N)
hold for a positive r < B(A). Then the set o(B) N Q(A(A),r) consists of
eigenvalues, whose total algebraic multiplicity is equal to v.

1+ <1

q
. (1+
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1.9 An identity for imaginary parts of eigenvalues
Theorem 1.9.1 For any n X n-matrix A, we have

n

N3 (A) = (AP = 2N3 (A7) — QZH: [Im Ax(A)[.

k=1 k=1
To prove this result, first let us prove the following lemma.
Lemma 1.9.2 For any linear operator A in C™, the inequality
n
N3 (V) = 2N3 (A7) =2 [Tm A(A))?
k=1
holds, where V is the nilpotent part of A.
Proof: Clearly,
—4(A7)? = (A— A")? = AA - AA* — A*A 4 A* A~
But because of the triangular representation,
Trace (A — A*)? = Trace (V + D —V* — D*)?
=Trace [(V - V*)? + (V- V*)(D - D¥)
+(D — D*)(V = V*) + (D — D*)?]
= Trace (V — V*)? + Trace (D — D*)?
since D*V,V D* are nilpotent operators. Hence,
N?(A;) = N*(Vi) + N*(Dy),
where N(.) = Na(.),
Vi=(V —-V*)/2i and D; = (D — D*)/2i.

It is not hard to see that

n m-—1
1 1
N2V =5 2 D lawml = GN*(V),
m=1 k=1

where a;j, are the entries of V' in the Schur basis (the basis of the triangular
representation). Thus,

N%(V) =2N?(A;) — 2N*(Dy).
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18 1. Finite Matrices
But
n
N*(Dy) =Y |Im Au(A)[*.
k=1
Thus, we arrive at the required equality. Q. E. D.

The assertion of Theorem 1.9.1 follows from the previous lemma and
Lemma 1.5.2. Q. E. D.

1.10 Additional estimates for resolvents

Recall that p(A, ) = ming—1 . |[A—Ax(A)| and g(A) is defined in Section
1.5. To formulate the result, for a natural n > 1 introduce the numbers

Cck 1
Ynk = (nii_l)k (k=1,..,n—1)and y,0 = 1.
Here

T (n—k— 1)k
are the binomial coefficients. Evidently, for all n > 2,

n—1)n-2)...(n—k
=t )((n—l))kk!( :

1
< (k=12.n-1) (10.1)

Theorem 1.10.1 Let A be a linear operator in C™. Then its resolvent Ry(A) =
(A — X)L satisfies the inequality

= gk (A)'Yn,k

IRA(A)| < (AN for any regular point A of A.
k=0 ’

We will prove this theorem in the present section below. The theorem is
sharp: if A is a normal matrix, then g(A) = 0 and

1

[1RA(A) = AN (A & a(A)).

Moreover, the latter theorem and inequalities (10.1) imply

Corollary 1.10.2 Let A be a linear operator in C™. Then

S
[RA(A)] < kzzo m (A g a(A)).
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To prove Theorem 1.10.1 we need the following lemma.

Lemma 1.10.3 For arbitrary positive numbers ay, ...,a, and m =1,...,n, we

have
n

Z gy - .- ag,, <n O | ak]m.

1<ky <ko<...<km<n k=1

Proof: Consider the following function of n positive variables 1, ..., yn:

Ry (Y1, o0 Yn) = > Yk Yhs -+ Yl
1<ky <ks<...<km<n

Let us prove that under the condition

> yp=nb, (10.2)
k=1

where b is a given positive number, function R, has a unique conditional
maximum. To this end, denote

ORom (Y1 o R (41
Fij(y1, oy yn) = m(?y‘ yn) _ m(y; Yn).
J J

Obviously, Fj;(y1,...,yn) does not depend on y;, symmetrically depends on
other variables, and monotonically increases with respect to each of its vari-
ables. The conditional extremum of R,, under (10.2) are the roots of the
equations

0 - )
Fj(y17 7y’rL) - A@ Zyk =0 (.] = 17 "'7”)7

J k=1

where ) is the Lagrange factor. Therefore,
Fi(y1,eyn) = A (G =1,....,n).

Since F(y1, ..., yn) does not depend on y;, and Fy(y1, ..., yn) does not depend
on yi, the equalities

Fj(yla ceey yn) = Fk(ylv 7yn) = >\7
or equivalently, the equalities

Rm(ylv--wyn) _ Rm(ylyyyn) _ )\

Yj Yk

for all k # j are possible if and only if y; = yi.
Thus R,, has under (10.2) a unique extremum when

Y1 =Y = ... =Y, =b. (10.3)
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20 1. Finite Matrices

But
R (b, ....,b) = b™ > 1=pmom. (10.4)

1<ki<kz<...<km<n
Let us check that (10.3) gives us the maximum. Letting
y1 —nband yp, — 0 (k=2,...,n),

we get
Ry (Y1, -y yn) — 0.

Since the extremum (10.3) is unique, it is the maximum. Thus, under (10.2)
R (Y1y oy yn) <O™CY (y >0, k=1,...,n).

Take y; = a; and
ay + ... +ap
—

b =
Then

n

Ry (ay,...,an) < C’flnnfm[ Zak }m.
k=1

We thus get the required result. Q. E. D.
Again let N(A) = N3(A) be the Hilbert-Schmidt norm of A.
Lemma 1.10.4 For any nilpotent operator V in C", the inequalities
VP < mpNS (V) (p=1,...,n—1)
are valid.

Proof: Since V is nilpotent, because of the Schur theorem, we can represent
it by an upper-triangular matrix with the zero diagonal:

V= (ajk);kzl with a;;, =0 (] > k).

Denote .
”IHm = ( Z ‘Ik|2)1/2 for m < n,
k=m

where x;, are coordinates of a vector . We can write
n—1 n
V|2, = Z | Z ajrri|® for all m <n — 1.
j=m k=j+1
Now we have (by Schwarz’s inequality) the relation

n—1

Valz < > hyllellia, (10.5)

j=m
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where

n
> lapl* (G <n).

k=j+1

Further, by Schwarz’s inequality

V2|7, = ZI Z ajr(Vo)l® < Z hyllValf iy

j=m k=j+1

Here (Vz), are coordinates of V. Taking into account (10.5), we obtain

n—1
V225 < > by Z hllelin = > hihallzli
j=m k=j+1 m<j<k<n-—1

Hence,

VER< > bl

1<j<k<n—1
Repeating these arguments, we arrive at the inequality
[VP|? < > iy - - i,
1<ki<ka<..<kp<n—1

Therefore, because of the previous lemma,

n—1

VP2 <42, (> ).

j=1

But

n—1

> b < NF(V
j=1

This proves required result. Q. E. D.

Proof of Theorem 1.10.1: Let D and V be the diagonal and nilpotent
parts of A, respectively. Since Rx(D)V is a nilpotent operator, by virtue of
the previous lemma,

IBAD)YV)*|| < N3 (BAD)YV ) yne (k=1,....n—1). (10.6)

Since D is a normal operator, we can write down ||Rx(D)|| = p~1(D, \). Tt is
clear that

N(RA(D)V) < N(V)|[RA(D)|| = N(V)p~" (D, N).

But
A—-XN=D+V —-X=(D-X){I+ Rx(D)V).
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We thus have

RA(4) = (I+ BA(D)V) T RA(D) = 3 _(RA(D)V)*RA(D).
k=0
Now (10.6) yields the inequality
k Yn,k
[RA(A)I = ZN (DN

This relation proves the stated result, since A and D have the same eigenval-
ues and N (V) = g(A), because of to Lemma 1.5.2. Q. E. D.

The just proven theorem, Lemmas 1.7.2 and 1.8.1, enable us to state ad-
ditional perturbation results for matrices.

1.11 Gerschgorin’s circle theorem

Let A be a complex n x n-matrix, with entries a;;. For j = 1,...,n write
n
Ri= Y lajl-
k=1,k#j
Let Q(b,r) be the closed disc centered at b € C with a radius r.
Theorem 1.11.1 (Gerschgorin). FEvery eigenvalue of A lies within at least
one of the discs Q(aj;, Rj).

Proof: Let A be an eigenvalue of A and let z = (x;) be the corresponding
eigenvector. Let ¢ be chosen so that |z;| = maz;|z;|. Then |z;| > 0, otherwise
x = 0. Since z is an eigenvector, Az = Ax or equivalent

n
E Al = )\Ii
k=1

so, splitting the sum, we get

n
E Qi Tl = )\.I’i — Qi3T5
k=1,k#1

We may then divide both sides by z; (choosing i as we explained we can be
sure that x; # 0) and take the absolute value to obtain

n
Tk
X —ai;| < E |ajlc‘7|| || < R;,
k=1,k#i Ti
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1.12. Cassini ovals and related results 23

where the last inequality is valid because

As claimed. Q. E. D.

Note that for a diagonal matrix the Gerschgorin discs Q(a;;, R;) coincide
with the spectrum. Conversely, if the Gerschgorin discs coincide with the
spectrum, the matrix is diagonal.

1.12 Cassini ovals and related results

Brauer and Ostrovski independently observed that each eigenvalue of an
n x n matric A = (ajr), n > 2, is contained in the Cassini ovals

n n

Qm,j) i={A€C: N—ammlA—al < (D lame)( D lajul )}
k=1 kem k=1 kj
(Jym=1,...,n; j #m) (12.1)

(see [Marcus and Minc, 1966, Section 3.2]).

That result leads to a better localization of the spectrum of a matrix than
Gerschgorin’s theorem; compare [Varga, 2004] and references therein.

To formulate our next result, for an integer m < n, put

Gm(]) = {Z eC: |(Z - amm)(z - ajj) - ajmamj|

n
<Y amamk — (@mm — 2)age|}
k=1,k#m, k#j

(j=1,..,n; j #m).

Theorem 1.12.1 For any integer m € {1,...,n}, each eigenvalue A\(A) of a
matriz A = (a;)7 y_; either lies in the set

U?:l,j;éme(j)7
or MA) = amm.

Proof: The proof is based on the Gaussian elimination. Note that using the
Gaussian elimination in the considered area is new.
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24 1. Finite Matrices

First, let us prove that, if @, # 0 and

n
|Gmm 5 = Qjmams| > Y |@jmmk — Gmmags] (5= 1,..,n; j # m)
k=1,k#m k#j
(12.2)
for an m < n, then matrix A = (a;x)},—, is invertible. Indeed, the invertibil-
ity of A is equivalent to the existence of a nontrivial solution = (z) to the
system

n
> ajpae=f; (f;€C; j=1,..,n) (12.3)
k=1
for all right-hand parts f = (fx)}_; # 0. Since amm # 0, we can write out

n

Ty = (— Z AmkTr + fm)%. (12.4)

k=1,k#m mm

Substitute this equality into (12.3). Then we get the system

n n
a; .
fa]—m Z Ak T + Z ajpzr = F; (j #m), (12.5)
MM k=1,k#m k=1,k#m
where
ajmfm
amm

If (12.5) has a nontrivial solution, then (12.3) also has a nontrivial solution.
Rewrite (12.5) as

> bk =F (j#m), (12.6)
k=1,k#m
where

A jm mk

bk = +ajx (j#m,k#m).

Amm

By the Hadamard criterion, system (12.6) is solvable for all right parts, pro-

vided n
bl > > bl
k=1,k#m, k]
Or
Ajm Amj - Ajm ; ;
mm k=1,k#m,k#£j mm

But this is equivalent to (12.2). So under (12.2) A is really invertible and the
solution of (12.5) is nontrivial, provided

Ajm Jm
Fj=fj— === ! #0

a’TIL’"L
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for at least one index j # m. If F; =0 for all j # m, then z; = 0,j # m and
by (12.4),
_ n

a"L”VL

Tm

So in this case (12.4) also has a nontrivial solution if f,, # 0. Now replacing
A by A — Al we can assert that A — A is invertible if A # a,,,, and

n

(A = @mm) A= a5) = ajmamsl > D |ajm@mk = (@mm — Najx|
k=1,km, k]

(J=1..n;j#m).
This proves the theorem. Q. E. D.

Below we also prove that G,,(j) C Q(j,m). In addition, we can choose a
fixed m, and we are not forced to check the corresponding inequalities for all
integers m < n as in (12.1). If n = 2, then Theorem 1.12.1 gives us the sharp
invertibility condition

la11ags — aziaiz| > 0.
One can take ay; = 0 or ase = 0. So Theorem 1.12.1 does not require that A
should be diagonally dominant. Note that the Hadamard criterion does not
give a result for matrices with the zero diagonal entries. To compare Theorem
1.12.1 with the Cassini ovals, note that by the Gerschgorin criterion, any given
eigenvalue A = \(A) of A satisfies the inequality

n
k=2

for at least one m < n. Without loss of generality assume that m = 1. Thanks
to Theorem 1.12.1 either A = a1y or A satisfies the inequalities

n

(A —a1)(z = aj5) —ajay| < D lajak — (an = Nagi| (G =2,..n).
k=2 k£j

Hence it follows that

(a1 = M(aj; = M| < lajian;|+ Y lajiaae] + [(a11 — Najx]

h=2.k#j
n n
=laj| Y okl + D (aar = Najil-
k=2 i=2,i4j

Taking into account (12.7) with m = 1, we thus get

n

(a1 = Maj; = M| < laja] > lael + D> agil Y lak
k=2 k=2

i=2,i#]
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26 1. Finite Matrices

n

= (i larel) (D agl) (G =2,.n).

i=1,i#j

So the sets G1(j) are contained in the Cassini ovals.

Example 1.12.2 Let us consider the matriz

-10 —-35 —-50 —-24
1 0 0 0
= 0 1 0 0
0 0 1 0

This matrix has the eigenvalues
—1,—-2,-3, and —4.
We have
G1(2)={2€ C: (10 + z)z + 35| < 74}

and
G1(3) =G1(4) = {2z € C: |(z+10)z| < |10 + z|}.

Thanks to Theorem 1.12.1, hence it follows that any eigenvalue X of T satisfies
one of the following relations:

A= —10, [\ <1 or [A\* + 10\ + 35| < 74. (12.8)
Clearly A2 + 10X + 35 = (A — 71)(\ — 72), where
r12 = —5+iV10.

Hence
74> |A—ri||A—ro| > (A + 5| — \/ﬁ)2

Thus
A+ 5] < V10 + V74 (12.9)

At the same time, the Gerschgorin sets for matrix T are defined by the in-
equalities
A +10] <109

(if we take the rows), or |A| < 50 (if we take the columns). Clearly, the sets
defined by (12.9) and therefore by (12.8) are included in the Gerschgorin sets.
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1.13. The Brauer and Perron theorems 27

1.13 The Brauer and Perron theorems
Again A = (aji) is a complex n X n-matrix and for j = 1,...,n we write

n

Ri= Y lajl-

k=1k+j

Recall that (b, r) is the closed disc centered at b € C with radius r.
We have the following result.

Theorem 1.13.1 ([Brauer, 1947]). For a given m € {1,...,n}, let
‘(ij — amm\ > Rj + R, (131)
for all j # m. Then one and only one eigenvalue lies in the disk Q(amm, Bm)-

Proof: We introduce the nxn-matrix B(t) = (b;x), where by = Gmm; bij =
ai; for i # m; and by,; = tam,;, the parameter ¢ being real with 0 <t < 1. All
the eigenvalue of B(t) lie in the union K of the disks Q(a;;, R;), and the disc

n

Ym(t) = 2 = | <t > |tmi| = tRp,
k=1,k#m

which clearly is contained in 7, (1) = Q(@mm, RBm). By (13.1), v, (1)NK =0
as t varies continuously from 1 to 0, no eigenvalues of B(t) can enter or leave
~Ym (1). But the eigenvalues for B(0) are am,, and the eigenvalues of an (n—1)
x (n—1) matrix whose eigenvalues lie in K. Since B(0) has only one eigenvalue
in v, (1), we infer by continuity that B(1) = A has exactly one eigenvalue in

m(1). Q. E. D.

The previous theorem remains valid if the R; are replaced by

n

Qi= > lajl;

j=1.j#i

that is, if rows and columns are interchanged. Theorem 1.11.1 remains valid
also when the R; are replaced by R;Q}™* for any s € [0, 1]; cf. [Marcus and
Mine, 1966, Section 3.2].

Another valuable result is the following Perron theorem.

Theorem 1.13.2 If A = (a;x) is a non-negative matriz, then the spectral
radius rs(A) = maxy | A (A)| of A is its eigenvalue.

For the proof of this theorem see [Gantmacher, 1967, Chapter 13, Section 2].
We also state the following comparison theorem.
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28 1. Finite Matrices

Theorem 1.13.3 If a matriz A = (a;x)} ;_; is non-negative and if in matriz
C= (Cjk)?,kzh o
leji| < ajiyij=1,2,..n,

then any eigenvalue A(C) of C satisfies the inequality |A(C)| < rs(A).
Proof: By the Gel’fand formula

ro(4) = tim /A7

where the norm is assumed to be Euclidean. But clearly, ||C™] < ||A™]]. So
rs(C) < rs(A). This proves the result. Q. E. D.

1.14 Comments to Chapter 1

As it was above mentioned, the material of Sections 1.1 and 1.2 is classical.
For more information about the inequalities for the eigenvalues of matrices,
see for instance [Marcus and Minc, 1964].

Theorem 1.3.1 has been proved in [Gil’, 2007a]. The material of Sections
1.4 - 1.10 is adopted from [Gil’, 2003]. For more information about pertur-
bations of matrices, we refer the reader to the book [Stewart and Sun, 1990].
Many interesting results connected with Gerschgorin’s circle theorem (Theo-
rem 1.12.1) can be found in [Gantmaher, 1967] and [Varga, 2004]. Theorem
1.12.3 is probably new.
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Chapter 2 is also auxiliary. It discusses some concepts and results of the spec-
tral theory of compact operators in a Hilbert space, which will be used in this
text. The major part of the chapter is devoted to the eigenvalues and singu-
lar values of Schatten - von Neumann operators, as well as to estimates for
the resolvents and spectrum perturbations of these operators. The regularized
characteristic determinants are also considered. By these determinants below,
we investigate perturbations of the associate infinite products.

2.1 Banach and Hilbert spaces

In this section, we recall very briefly some basic notions of the theory of
Banach and Hilbert spaces. More details can be found in any textbook on
Banach and Hilbert spaces (e.g., [Ahiezer and Glazman, 1981], [Dunford and
Schwartz, 1966]).

A linear space X over the set of complex numbers is called a (complex)
linear normed space, if for any & € X a non-negative number |z||x = [|z| is
defined, called the norm of z, having the following properties:

1. ||lz|| =0 iff 2 = 0,

2. |laz|| = laf|l],

29
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30 2. FEigenvalues of Compact Operators

3. lz 4yl < |zl + ||y|| for every z,y € X, a € C.
A sequence {h,}52, of elements of X converges strongly (in the norm) to
heXif
nango ||hn, — Rl = 0.

A sequence {h,} of elements of X is called the fundamental (Cauchy) one if
|he — B — 0 as m,n — oc.

If any fundamental sequence converges to an element of X, then X is called
a (complex) Banach space.

Let in a linear space H over C for all z,y € H a number (z,y) be defined,
such that

1. (z,2) > 0,if £ #£0, and (z,2) =0, if z =0,

2. (z,y) = (y,2),

3. (1’1 + x?ay) = ($1,y) + (x27y) (1’1,1’2 € H)a

4. (Az,y) = Mz,y) (A€ C).

Then (.,.) is called the scalar product. Define in H the norm by

] = v/ (2, 2).

If H is a Banach space with respect to this norm, then it is called a Hilbert
space. The Schwarz inequality

[ )| < [l flyl

is valid.

If, in an infinite dimensional Hilbert space, there is a countable set whose
closure coincides with the entire space, then that space is said to be separable.
Any separable Hilbert space H possesses an orthonormal basis. This means
that there is a sequence {e; € H}{2, such that

(er,ej) =01if j # k and (eg,ex) =1 (j,k=1,2,...)

and any h € H can be represented as

oo
h= Z CL€EL
k=1

with ¢, = (h,ex), k=1,2,.... Besides the series strongly converges.

The following spaces are examples of normed spaces.

The space [P is defined for 1 < p < oo as the linear space of all sequences
x = {zx}2, of scalars for which the norm

lzl| = O lzal?)!/?
k=1
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2.2. Linear operators 31
is finite.
The space {*° is the linear space of all bounded sequences z = {z}32; of

scalars. The norm is given by the equation

]| = sup |z].
k

The space LP(S) (1 < p < o) is a complex Banach space of scalar-valued
functions defined on a compact set S of R™ with the norm

1
191 = [ 17)ras .
s
Note that the Hilbert space has been defined by a set of abstract axioms. It
is noteworthy that some of the concrete spaces defined above satisfy these
axioms, and hence are special cases of abstract Hilbert space. Thus, for in-

stance, complex [ space is a Hilbert space if the scalar product (x,%) of the
vectors x = {x;} and y = {yx} is defined by the formula

oo
k=1

Also the complex space L2(S) is a Hilbert space with the scalar product

(f.9) = /S F(5)3(5)ds.

2.2 Linear operators

An operator A, acting from a Banach space X into a Banach space Y, is
called a linear one if

A(azxy + Bra) = aAzy + fAz,

for any x1,22 € X and o, € C. If there is a constant a, such that the
inequality
|AR|ly < a||h||x for all h € X

holds, then the operator is said to be bounded. The quantity

Ah
JAlxy = sup LAY
heX ||h||X

is called the norm of A. If X =Y, we will write ||A||x_x = ||A]|x or simply
1A]-
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32 2. FEigenvalues of Compact Operators

A linear operator is said to be completely continuous (compact) if it is
bounded and maps each bounded set in X into a compact one in Y.

Under the natural definitions of addition and multiplication by a scalar,
and the norm, the set B(X,Y) of all bounded linear operators acting from X
into Y becomes a Banach space. If Y = X, we will write B(X, X) = B(X).
A sequence {A,,} of bounded linear operators from B(X,Y") converges in the
uniform operator topology (in the operator norrn) to an operator A if

lim ||An - A”X_,y =0.
n—oo
A sequence {A,,} of bounded linear operators converges strongly to an operator
A if the sequence of elements { A, h} strongly converges to Ah for every h € X.
If ¢ is a linear operator, acting from X into C, then it is called a linear

functional. It is bounded (continuous) if ¢(z) is defined for any x € X, and
there is a constant a such that the inequality

6(h)| < allh||x for all h € X

holds. The quantity
Il = sup A1)
nex |1hllx
is called the norm of the functional ¢. All linear bounded functionals on X
form a Banach space with that norm. This space is called the space dual to
X and is denoted by X*.

In the sequel Ix = I is the identity operator in X : ITh = h for any h € X.

The operator A~! is the inverse one to A € B(X,Y) if AA~! = Iy and
A1A = Ix.

Let A € B(X,Y). Consider a linear bounded functional f defined on
Y. Then on X the linear bounded functional g(x) = f(Az) is defined. The
operator realizing the relation f — g is called the operator A* dual (adjoint)
to A. By the definition

(A"f)(x) = f(Az) (x € X).
The operator A* is a bounded linear operator acting from Y* to X*.
Theorem 2.2.1 (Banach - Steinhaus) Let {Ay} be a sequence of linear op-
erators acting from a Banach space X to a Banach space Y. Let for each
heX,

Sl;p lAkh| x < oo.

Then the operator norms of {Ax} are uniformly bounded. Moreover, if {A,}
strongly converges to a (linear) operator A, then

[Alx—y =lim,  [|An]lx—v-
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For details see, for example, [Krein, 1972, p. 58].

A point A of the complex plane is said to be a regular point of an operator
A, if the operator Ry(A) := (A —I\)~! (the resolvent) exists and is bounded.
The complement of all regular points of A in the complex plane is the spectrum
of A. The spectrum of A is denoted by o(A).

In the infinite dimensional case, the spectral radius of A is defined by

TS(A) = SUPsco(A) ‘Sl

As in the finite dimensional space, the Gel’fand formula
rs(A) = lim {/||A%]
k—o0

is valid. The limit always exists and

ro(A) < YA%| (k=1,2,..).

2.3 Classification of spectra

The material of this section can be found, for example, in the book [Dun-
ford and Schwartz, 1966, Chapter VII].

Let X be a Banach space with the unit operator I, and A be a bounded
linear operator in X . Recall that the resolvent Ry(A) and the spectrum o(A)
of A are defined in the previous section.

It is convenient for many purposes to introduce a rough classification of
the points of the spectrum.

(a) The set of A € o(A) such that A — X[ is not one-to-one is called the
point spectrum of A and is denoted by o,(A). Thus A € o,(A) if and only if
Ax = Az for some non-zero z € X.

(b) The set of A € 0(A) such that A — AI is one-to-one and (A — AI)X is
dense in X, but such that (A — AI)X # X is called the continuous spectrum
of A and is denoted by o.(A).

(c) The set of A € o(A) such that A — Al is one-to-one but such that
(A = A)X is not dense in X is called the residue spectrum of A and is
denoted by o,.(A).

or(A),0.(A) and o,(A) are disjoint and

o0(A) =o0,(A)Uop(A)Uoc(A).
For all regular A, iu of A, the Hilbert identity

Ra(4) = Ru(4) = (A — 1) Ryu(A)Ra(4)
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is valid. Moreover, for all bounded linear operators A and B, we have
RA(A) — R\(B) = R\(A)(B — A)R\(B)

for any A regular for A and B. Note also that

o0
Ry(A)=->" )\;HA’“ (AR = AFA K =1,2,..)
k=0
provided || > 75(A), where r4(A) is the spectral radius. Besides the series
converges in the operator norm.
Furthermore, an operator P is called a projection if P? = P.
If there is a nontrivial solution e of the equation

Ae = A(A)e,

where A(A) is a number, then this number is called an eigenvalue of operator
A, and e € X is an eigenvector corresponding to the eigenvalue A(A). Any
eigenvalue is a point of the spectrum. An eigenvalue A(A) has the (algebraic)
multiplicity » < oo if

dim (U ker(A — MA)D*) = r.

In the sequel A\;(A), k = 1,2,... are the eigenvalues of A repeated according
to their multiplicities. A vector v satisfying (A— A(A)I)"v = 0 for a natural n
is a root vector of operator A corresponding to A(A). Any eigenvalue having
the finite multiplicity belongs to the point spectrum.

Recall that an operator is compact if it maps bounded sets into compact
ones. The spectrum of a linear compact operator is either finite, or the se-
quence of the eigenvalues of A converges to zero, any nonzero eigenvalue has
the finite multiplicity.

An operator V is called a quasinilpotent one, if its spectrum consists of
zero, only. So r4(V) =0 and

lim {/[VE| =o.

Now let X = H be a Hilbert space with a scalar product (.,.) and A be a
bounded linear operator in H. Then a (bounded) linear operator A* acting
in H is adjoint to A if

(Af,g) = (f,A%g) for every h,g € H.

The relation ||A]| = ||A*|| is true. A bounded operator A is a self-adjoint one
if A= A*. Ais a unitary operator if AA* = A*A = I. A bounded linear
operator satisfying the relation AA* = A*A is called a normal operator. It is
clear that unitary and self-adjoint operators are examples of normal ones.
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A self-adjoint operator is positive definite if (Ah,h) > 0 (h € H). It is
strongly positive definite if (Ah, h) > c(h, h) for some positive c.

The spectrum of a self-adjoint operator is real; the spectrum of a posi-
tive definite self-adjoint operator is nonnegative; the spectrum of a strongly
positive definite self-adjoint operator is positive; the spectrum of a unitary
operator lies on {z € C: |z| = 1}.

If A is a normal operator, then

rs(A) = [|All

If P is a projection and P* = P, then P is called an orthoprojection (an
orthogonal projection).

2.4 Compact operators in a Hilbert space

In this section, H is a separable Hilbert space and A is a linear completely
continuous (compact) operator in H. All the results, presented in this section
can be found, for instance, in [Gohberg and Krein, 1969, Chapters 2 and 3],
[Pietsch, 1987].

Any normal compact operator A can be represented in the form

A= i A(A) B, (4.1)
k=1

where Ej are eigenprojections of A, i.e., the projections defined by Eph =
(h,dg)dy, for all h € H. Here dj, are the eigenvectors of A corresponding to
Ak(A) with ||dg] = 1.

Vectors v, h € H are orthogonal if (h,v) = 0. The eigenvectors of normal
operators are mutually orthogonal. Let a compact operator A be positive
definite and represented by (4.1). Then we write

AP = i NAAVE, (8> 0).
k=1

A compact quasinilpotent operator is called a Volterra operator.
Let {e} be an orthogonal normal basis in H and the series

o]

Z(Aek, ek)

k=1

converge. Then the sum of this series is called the trace of A:

Trace A=Tr A= Z(Aek, ek).
k=1
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An operator A satisfying the condition
Tr (A*A)Y? < o
is called a nuclear operator. Recall that A* is adjoint operator. An operator

A, satisfying the relation
Tr (A*A) < 0

is said to be a Hilbert-Schmidt operator.

As in the finite dimensional case, the eigenvalues \,((A*A)'/?) (k =
1,2,...) of the operator (A*A)'/? are called the singular numbers (s-numbers)
of A and are denoted by si(A). That is,

sk(A) = M ((A*AY?) (k=1,2,..).

Enumerate singular numbers of A taking into account their multiplicity and
in decreasing order. As in the finite dimensional case, the Weyl inequalities

S INA) <D si(4)
j=1 j=1

and
S Irm A A < SN (AD] (A1 = (4 - A%)/2i5 n=1,2,...)

are valid.
The set of completely continuous operators acting in a Hilbert space and
satisfying the condition

Np(A) == [ Y s8(4) VP < oo,

k=1

for some p > 1, is called the Schatten - von Neumann ideal and is denoted by
SNp. Ny(.) is called the norm of ideal SN,. It is not hard to show that

N,(A) = {/Tr (AA*)e/2,

Thus, SN; is the ideal of nuclear operators (the Trace class) and SNy is the
ideal of Hilbert-Schmidt operators. Na(A) is called the Hilbert-Schmidt norm.
Sometimes we will omit index 2 of the Hilbert-Schmidt norm, i.e.,

N(A) = Ny(A) = /Tr (A*A).

For all p > 1, the following propositions are true (the proofs can be found
in the books [Gohberg and Krein, 1969, Section IIL.7], and [Pietsch, 1987].

If A € SNy, then also A* € SN,,. If A € SN, and B is a bounded linear
operator, then both AB and BA belong to SN,. Moreover,

Np(AB) < Np(A)||B|| and N, (BA) < Np(A)||B.
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Lemma 2.4.1 If A € SN, and B € SN; (1 <p,q < ), then AB € SN,
with
1

s P g

Moreover,

N;(AB) < Np(A)Ny(B).

For the proof of this lemma, see [Gohberg and Krein, 1969, Section IIL.7]. Let
us point also the following result (Lidskij’s theorem).

Theorem 2.4.2 Let A € SNy. Then
Tr A=Y M(A).
k=1

The proof of this theorem can be found in [Gohberg and Krein, 1969, Section
I1L.8].

2.5 Compact matrices
We begin with the following important result.
Theorem 2.5.1 Let T be a linear operator in a separable Hilbert space H,

and {ey}72 | be an arbitrary orthogonal normal basis for H.
a) If1<p<2and

o0

Y ITer]” < oo,

k=1

then T belongs to ideal SN, and
Np(T) < [ |[Ter ]} /7.
k=1
b) If 2 < p < oo and T belongs to ideal SN, then

D I Texl’'/? < Ny(T).
k=1

For the proof, see [Diestel et al., 1995, p. 82, Theorem 4.7].
The case p = 2 of the preceding theorem is of fundamental importance:
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Corollary 2.5.2 A linear operator T acting in H is a Hilbert-Schmidt op-
erator if and only if there is an orthogonal normal basis {ey}$2, in H such

that
o0
> I Ter|* < 0.
k=1

In this case, the quantity

o0

> I Texl?

k=1

is independent of the choice of orthogonal normal basis {ey}72 ; in fact, for
any orthogonal normal basis {e;}3>, in H,

[ I Terl?]? = No(T),
k=1

cf. [Diestel et al., 1995, p. 83, Corollary 4.8].

Now, let A = (a;)75—; be an infinite matrix. We consider here an opera-
tor in 12 = [2(C) defined by h — Ah (h € [?). This operator is denoted again
by A.

Theorem 2.5.1 implies

Corollary 2.5.3 Let

oo

Z |ajk| < 0.

Jk=1

Then the operator A generated by matriz (a;i) is a nuclear operator in [2.
Moreover,

Ny (A) < ) agl.

k=1
Indeed, let {ex}$2, be a standard orthonormal basis in /2. That is,
e = column (8;x)521,

where J;, is the Kronecker symbol: 6, =0 k # j, 6;; = 1. Then

Aey, = Zajkej. (5.1)
j=1
So -
[Aexll <D lagul,
j=1

and we get the required result by Theorem 2.5.1.
Moreover, we can assert the following result.
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Corollary 2.5.4 Let
Z lajr|? < oo.
Jok=1

Then the operator A generated by matriz (aji) is a Hilbert-Schmidt one in 2.

Moreover,
[e o]
= [ gl
Jok=1

Indeed, let {ex}3°, be the above-defined standard orthonormal basis in [2.
Then (5.1) holds. So

||AekH2 (AekvAek Zajkejy Z amkem

oo

oo oo
:Z Z [y eyaem = Z |ajk‘27

J.k=1

and we get the roqulrcd result, thanks to Corollary 2.5.2.
Now let us assume that, for some 1 < p, ¢ < 0o, the inequality

(Z [Z|ajk|q]p/q)1/p<oo
j=1 k=1

is fulfilled. Then A is said to be of the Hille-Tamarkin type [l,,l,] matrix, cf.
[Pietsch, 1987, p. 230].
The case ¢ = oo, that is the Hille-Tamarkin type [lp, o] means that

oo

Z sup|a k[P]VP < oo
j=1

The following fundamental result is valid.

Theorem 2.5.5 Let

S+ =1 5.2
pl (5:2)

In addition, let A be of the Hille-Tamarkin type [l,,1;]. Then the eigenvalues
Ae(A) of A satisfy the inequality

o0

DA < o0

k=1
with v = max {2,p}. This result is best possible.

For the proof see [Pietsch, 1987, p. 232, Theorem 5.3.6].
Let us point an important consequence of this theorem.
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Corollary 2.5.6 Let the matriz A*A be of the Hille-Tamarkin type [lp,1,].
Let condition (5.2) hold. Then A € SN, with p = max {2,p}/2.

Indeed, thanks to the preceding theorem
D (AT A2 < oo
k=1

This proves the required result.
The following remarkable result can be found in the book [Pietsch, 1988,
p. 325].

Theorem 2.5.7 A matriz A = (a;i)3%—, satisfies the inequality
S RAP < D[S lagel )"
k=1 k=1 j=1

(2<p<o0)

provided (5.2) holds and the right-hand side of the inequality is finite.

2.6 Resolvents of Hilbert-Schmidt operators

Let A be a Hilbert-Schmidt operator. The following quantity plays a key
role in this section:

g(A) = Z\)\k 12, (6.1)

where Ny(A) is the Hilbert-Schmidt norm of A. Since

Z|)\k |2>|Z)\2 )| = [Trace A?|,
k=1
one can write
g*(A) < N2(A) — |Trace A?| < N2(A). (6.2)

If A is a normal Hilbert-Schmidt operator, then g(A) = 0, since

= (AP
f=1
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in this case. Let A; = (A — A*)/2i. As in the finite dimensional case, the
inequality
NZ(A — A*
gQ(A) < 2( 5 )

is valid (see Lemma 2.10.2 below). Set
AN = inf |[A—t].
PAA) = dnf A =]

= 2N3 (A7) (6.3)

Theorem 2.6.1 Let A be a Hilbert-Schmidt operator. Then the inequalities

> k
IRy <3 — )

S oL (A M) VR (6.4)

and
1 g4

IR < s

are true.

This theorem is proved in Section 2.11.
Theorem 2.6.1 is sharp. Inequality (6.4) becomes the equality

[RACA)] = p~" (A, N),

if A is a normal operator, since g(A4) = 0 in this case.

2.7 Operators with Hilbert-Schmidt powers
Assume that for some positive integer p > 1,
AP is a Hilbert-Schmidt operator. (7.1)

Note that under (7.1) A can, in general, be a noncompact operator. Below in
this section we will present a relevant example.

Corollary 2.7.1 Let condition (7.1) hold for some integer p > 1. Then
AW

RA(A)|| < ||T —_—
IR < Il Y T

(A" & o (A7), (7.2)

where
p—1
kyp—k—1
Ty =Y ARXPTFL
k=0

and

AP NP) = inf [P — NP
o( ) té?(A)‘ |

is the distance between o(AP) and the point \P.
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Indeed, the identity

p—1
AP — TN = (A= IN) Y ARNTRL = (A - INT,
k=0
implies
(A—TIN) "t =Ty, (AP — INP) 7L
Thus,

I(A = I\ < 1Tl [1(A7 = IA7) 7. (7:3)

Applying Theorem 2.6.1 to the resolvent
(AP — IXNP)~1 = Ryu(AP),
we obtain:

g*(4P)

HRM(AP)H < ;)W (AP & o(AP)).

This yields the required result.
Theorem 2.6.1 and (7.3) give us the inequality

IRA(A) < p“T*’P”

(TM exp [l + g (A7) )] (A" & o(AP)),

2 2p%(Ar NP
provided condition (7.1) hold for some integer p > 1.
Example 2.7.2 Consider a noncompact operator satisfying condition (7.1).

Let H be an orthogonal sum of Hilbert spaces Hy; and Ho: H = H1 & Hs, and
let A be a linear operator defined in H by the operator matrix

_( Bi W
A= ( 0 B )’
where By and Bs are bounded linear operators acting in H; and Hs, respec-

tively, and a bounded linear operator W maps Hy into H;. Evidently, A2 is
defined by the matrix

42— B} BiW + WhBy
L0 B2 :

If By, By are compact operators and W is a noncompact one, then A? is
compact, while A is a noncompact operator.
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2.8 Resolvents of Schatten - von Neumann operators

Let
A € SNy, for some integer p > 1.

That is,
Nap(A) = [ Trace(A*A)P V2P < 0.

In this case, one can directly apply the results of the previous section, but in
appropriate situations, the following result is more convenient.

Theorem 2.8.1 Let A€ SNy, (p=1,2,...). Then the inequalities

p—1 o 2Np pk+m
[RA(A) < ;}k Oppk“j“ ANV (8.1)
and
p—1 A))™ A 2p
Il < Y SRl cap 5+ G o) (52)
m=0 ’ !
hold.

The proof of this theorem is presented in Section 2.11. Put

o - L

! [i/p]!
where [z] means the integer part of a number > 0. Now inequality (8.1)
implies

Corollary 2.8.2 Let A€ SNy, (p=2,3,...). Then

2 6P (2N, (A))7

[RA(A)] < AN (A g a(A)).

Jj=0

2.9 Auxiliary results

Let Ry be a set in the complex plane and let € > 0. By S(Rp, €), we denote
the e-neighborhood of Ry. That is,

dist{Rg, S(Rg,€)} <e.
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Lemma 2.9.1 Let A be a bounded operator and let ¢ > 0. Then there is a
0 > 0, such that, if a bounded operator B satisfies the condition | A — B|| <,
then o(B) lies in S(o(A),€) and

[RA(A) — Rx(B)|| < €
for any A\, which does not belong to S(c(A),e€).

For the proof of this lemma, we refer the reader to the book [Dunford and
Schwartz, 1966, p. 585].

A subspace Hy C H is an invariant subspace of an operator A, if AH; C
H;.

Recall that a linear operator is called a Volterra one if it is quasinilpotent
and compact.

Lemma 2.9.2 Let V € SNy, p > 1 be a Volterra operator. Then there is a
sequence of nilpotent operators, having finite dimensional ranges and converg-
ing to V in the norm Ny(.).

Proof: Let -
V= su(V)(. ex)u
k=1

be the polar representation of V, cf. [Pietsch, 1987, p. 79]. Here e, and
vg, k = 1,2, ... are orthonormal sequences. Put

Bn = zn: Sk(V)(, €k)'Uk~

k=1

Denote by D,, and V,, the diagonal and nilpotent parts of B,,. Since (V) =
{0} and o(D,,) = o(By,), by the previous lemma, we have ||D,| — 0,n — cc.
But

n

NE(Dn) =Y [\e(Dn)?,

k=1
where the eigenvalues are enumerated in the decreasing way. Use the inequal-
ity

|>\k+m—1(Dn)| - Sk+m—1(Bn - Vn) - Sk+m—1(V - Vn) < Sk(V) + Sm(Vn)

<sp(V)+sn(V) (k+m—1<n)
cf. [Pietsch, 1987, p. 79]. Hence,

[A2j(Dn)| < 56(V) + s2j41-4(V)
for a k < 2j < n. Take k = j. Then

[A2j41(Dn)| < [A25(Dn)] < 85(V) + 5541 (V) < 255(V).
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So by the Lebesgues theorem

n
lim NZ(Dy) = lim > [A(Dn)l” =0,
k=1

n—oo

since supy, |Ax(Dy)| — 0. Hence,
N,(Viy = V) = Np(B, =V = Dy) < Np(Bp, = V) + Ny(Dp,) = 0

as n — 00. As claimed. Q. E. D.

We recall the following well-known result, cf. [Gohberg and Krein, 1969,
Lemma 1.4.2].

Lemma 2.9.3 Let M # H be the closed linear span of all the root vectors
of a linear compact operator A, and let Q4 be the orthogonal projection of H
onto ML, where M+ is the orthogonal complement of M in H. Then Q1 AQ 4
is a Volterra operator.

The previous lemma means that A can be represented by the matrix

[ Ba App

A-( 0 " ) (9.1)

acting in M @ M-~+. Here By = Al — Qa), Vi = QaAQ4 is a Volterra
operator in Q4 H, and Ajo = (I — Qa)AQA.

Lemma 2.9.4 Let A be a compact linear operator in H. Then there are a
normal operator D and a Volterra operator V, such that

A=D+V and o(D) =0c(A). (9.2)
Moreover, A, D, and V have the same invariant subspaces.

Proof: Let M be the linear closed span of all the root vectors of A, and
P4 is the projection of H onto M. So the system of the root vectors of the
operator By = AP, is complete in M. Thanks to the well-known Lemma
1.4.1 from [Gohberg and Krein, 1969], there is an orthonormal basis (Schur’s
basis) {ex} in M, such that

j—1
Baej = Aej = N\j(Ba)e; + Y ajer (5=1,2,...). (9.3)

k=1
We have By = Dp + Vg, where Dgey, = Ap(Ba)eg, k = 1,2,... and Vg =
B, —Dg is a quasinilpotent operator. But according to (9.1) Ax(Ba) = Ar(A),
since V; is a quasinilpotent operator. Moreover, Dp and Vp have the same
invariant subspaces. Take the following operator matrices acting in M @ M*:

(D O (VB A
Df<0 0>ande<0 Vl).
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Since the diagonal of V' contains Vg and V; only, o(V) = o(Vp)Uo(V7) = {0}.
So V' is quasinilpotent and (9.2) is proved. From (9.1) and (9.3), it follows
that A, D, and V have the same invariant subspace, as claimed. Q. E. D.

Equality (9.2) is said to be the triangular representation of A. Besides, D
and V will be called the diagonal part and nilpotent part of A, respectively.

Lemma 2.9.5 Let A€ SNy, p>1. Let V be the nilpotent part of A. Then
there exists a sequence {A,} of operators, having n-dimensional ranges, such
that

o(4,) C o (A), (9.4)
and . -
S TIAADP =D IAA)P as n— oo (9.5)
k=1 k=1
Moreover,

Np(A, —A) — 0 and Np(V,, = V) — 0 as n — oo, (9.6)
where V,, are the nilpotent parts of A, (n=1,2,...).

Proof: Let M be the linear closed span of all the root vectors of A, and Py
the projection of H onto M. So the system of root vectors of the operator
By = APy, is complete in M. Let Dy and Vg be the nilpotent parts of By,
respectively. According to (9.3), put

n

Po=> (,ex)ex.

k=1

Then
0(BaP,) =0(DpP,) = {A1(A),...., \n(4)}. (9.7)

In addition, Dg P, and Vg P, are the diagonal and nilpotent parts of B4 P,,, re-
spectively. Because of Lemma 2.9.2, there exists a sequence {W,, } of nilpotent
operators having n-dimensional ranges and converging in IV, to the operator

V1. Put
A = BAPn PnA12
" 0 W ’

Then the diagonal part of A, is

and the nilpotent part is

V. = VBPn PnAIQ
" 0 W ’
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So relations (9.6) are valid. According to (9.7), relation (9.4) holds. Moreover
N, (D, — Dp) — 0. So relation (9.5) is also proved. This finishes the proof.
Q. E.D.

2.10 Equalities for eigenvalues

Lemma 2.10.1 Let V be a Volterra operator and Vi := (V —V*)/2i € SNa.
Then V € SNy. Moreover, N2(V) = 2N2(V7).

Proof: We have the equality
Trace V? = Trace (V*)? =0,
because V is a Volterra operator. Hence,

NZ(V —V*) = Trace (V —V*)? = Trace (VZ + VV* + V*V + (V*)?)
=Trace (VV* +V*V) =2Trace (VV™).

We arrive at the result. Q. E. D.

Lemma 2.10.2 Let A € SNy. Then

oo

NZ(A) = 3" M) =2N3 (A7) — 2D [Tm A(A)? = N3 (V),
k=1 k=1

where V' is the nilpotent part of A.

Proof: Let D be the diagonal part of A. Thanks to Lemma 7.3.3 from the
book [Gil’, 2003a] V D* is a Volterra operator:

Trace VD* = Trace V*D = 0. (10.1)
Hence, thanks to the triangular representation (9.2) it follows that
Tr AA*=Tr (D+V)(D*+V*)=Tr (DD*)+Tr (VV™).
Besides, because of (9.2) o(A) = o(D). Thus,

= > (A
k=1
So the relation

NQ( Z‘)‘k
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is proved. Furthermore, from the triangular representation (9.2) it follows
that
—ATr A2 =Tr (A— A" =Tr (D+V — D* —V*)%

Hence, thanks to (10.1), we obtain
—ATr A2 =Tr (D —D*)? +Tr (V-V*)2

That is,
N3(Ar) = N3 (Vi) + N3 (Dy),

where

Vi =(V —-V*)/2i,D; = (D — D*)/2i.
Taking into account Lemma 2.10.1, we arrive at the equality
2N3(A;r) —2N3(Dy) = N3 (V).
Moreover,

N2(Dy) Z |Im A\ (A

This proves the required result. Q. E. D.

2.11 Proofs of Theorems 2.6.1 and 2.8.1

Proof of Theorem 2.6.1: Because of Lemma 2.9.5 there exists a se-
quence {A,,} of operators, having n-dimensional ranges, such that the relations
(9.4) - (9.6) are valid. But because of Corollary 1.10.2,

- 9" (4,)
[RA(A kg TW (A g a(An)).

Clearly, p(A,,\) > p(A,X). Now, letting n — oo in the latter relation, we
arrive at inequality (6.4). Inequality (6.5) follows from Theorem 1.5.1 when
n — oo. This proves the stated result. Q. E. D.

Lemma 2.11.1 Let V € SNy be a quasinilpotent operator. Then

N.
IVFl < === (k=1,2,...). (11.1)
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Proof: Let V,, be an n-dimensional nilpotent operator. Then by Lemma
1.10.4

But ,
< .
TYn,k > \/E
So .
i < MW oo,

V!
Hence, letting n — oo, according to (9.4), (9.6) we arrive at the required
result. Q. E. D.

Lemma 2.11.2 For some integer p > 1, let V. € SNy, be a Volterra operator.

Then .
NP (V

< 20

VE!

Proof: Since V' € SNy, we have No(V?) < N (V). So VP € SNy and thus
by (11.1),

(k=1,2,..).

k
”VpkH < NQIC(VP) < N2;5(V)
T OVE T VR
As claimed. Q. E. D.

The previous lemma yields

Corollary 2.11.3 For some integer p > 1, let V € SN, be a Volterra oper-
ator. Then ‘ ) i
V7] < 07 N3, (V) (5 =1,2,...).

Recall that numbers 9;17 ) are introduced in Section 2.8.
Proof of Theorem 2.8.1: Thanks to the triangular representation, for
an n-dimensional operator A,,, the relations

A, = A =D, +V,, = M = (D,, = AI)(I + RA(D,)V,,)

hold, where V,, and D,, are the nilpotent and diagonal parts of A,,, respectively.
We thus have

n—1

Rx(An) = Ra(Dp)(I + VaRa(Dn)) ™" =Y (VaRa(Dn))".
k=0

So for n = p(I + 1) with an integer I, we get

|
—

n

R)\(An) - R)\(Dn) (VnR}\(Dn))k

=~
Il
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p—1

l
Dn) Y Y (VaRa(Dy))PFHm, (11.2)

m=0 k=0
Hence,
1RA(An)]| < A Y ZZH Vo R (D).
m=0 k=0

The operator V,,Rx(D,,) is nilpotent. Hence, the previous lemma implies

P 1 pk+m
N2 (VnRA(Dn))
IRA(A) <Y > 2
m=0 k=0 \/y

p—1 oo pk+m
Na, " (Vo)
<
ZZ ppk+7rz+1 A )\)\/]{T

But the triangular representation yields the inequality

(A ¢ o(A)). (11.3)

Nap(Va) < Noy(An) + Nop(Dy) < 2N, (A,). (11.4)

So
p—1 oo
2N pk+m

| Ra(An)]| < ZZWW v (o).

m=0 k=0

Hence, letting n — oo, according to (9.4), (9.6), we arrive at (8.1).
Furthermore, thanks to (6.5),

10— W) < eap [ 4+ 22O

for any quasinilpotent operator W € SNj,. Now (11.2) implies

RA(An) = RA(Dn) (Van(Dn))m(I - (VHRA(DH))I))71~

b}
|

m=0
Consequently,
1 = 1 N3 ((VaRa(Da))?)
| Ra(An)|l < AN kZOH Vo RA(Dy))¥||exp [2+ 5 ].

Take into account that
NZ((VHRA(Dn))p) < N’fp(Van(Dn))
and

N2p(Vn)

Nop(ViuRA(Dy)) < A’

© 2010 by Taylor and Francis Group, LLC



2.12. Spectral variations 51

We thus get
p—1 k 4
NE (Vi) 1 N3Z(V,)
AN <S> 2 [C oy
[ RA(An)|| < k§:0: p;g+1(Am/\)6xP [2 + 202 (A, N)

So according to (11.4)

1 (2N2p(An))2p
=2 Pt )

Hence, letting n — oo, according to (9.4), (9.6) we arrive at (8.2). This proves
the stated result. Q. E. D.

2.12 Spectral variations

Definition 2.12.1 Let A and B be linear operators in a Banach space. Then
the quantity

sva(B) = su inf -
A(B) MEG(pB) AEU(A)Iu |

is called the spectral variation of B with respect to A. In addition,
hd(A, B) := max{sva(B), svg(A)}
is the Hausdorff distance between the spectra of A and B.

First, we will prove the following technical lemma

Lemma 2.12.2 Let A and B be bounded linear operators in a Banach space

and
1
[RA(A)] < F(m} (A g a(A)) (12.1)

where F(z) is a monotonically increasing non-negative function of a non-
negative variable x, such that F(0) = 0 and F(c0) = oo. Then with the
notation

q:=[A-Bl,

we have
sva(B) < z(F,q),

where z(F, q) is the unique positive and simple root of the equation

1=qF(1/z). (12.2)
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Proof: Because of (12.1), we easily have that
for all p € o(B). (12.3)

Compare this inequality with (12.2). Since F(x) monotonically increases,
z(F,q) is a unique positive root of (11.2), and p(A, u) < z(F,q). This proves
the required result. Q. E. D.

Again let SN, denote the Schatten - von Neumann ideal in a separable
Hilbert space H. First assume that

A€ SNs. (124)

By virtue of the previous lemma and Theorem 2.8.1, we arrive at the following
result.

Theorem 2.12.3 Let a compact operator A acting in a separable Hilbert
space H satisfy condition (12.4) and B be a bounded operator in H. Then

SUA(B) S 21 (A7 Q)7
where Z1(A, q) is the unique positive and simple root of the equation

q 1 g*(4)
L="ewp [5+5 5] (12.5)
Furthermore, substitute in (12.5) the equality z = xg(A). Then we arrive at

the equation

Lon o 02
Applying Lemma 1.6.4 to this equation, we get z (A, q) < Ai(A, q), where
B0 = ) (o i) 5 o
Now Theorem 2.12.3 yields the inequality
sva(B) < Ay(A,q). (12.6)
Now let
A€ SNy, (p=2.3,..). (12.7)

Then by virtue of Lemma 2.12.2 and Theorem 2.8.1 we arrive at the following
result.

Theorem 2.12.4 Let condition (12.6) hold and B be a bounded operator in
H. Then sva(B) < §p(4,q), where §,(A, B) is the unique positive root of the
equation

p—1
2N2p 1 (2N2P(A))2p
=q ZO Zm+1 emp [5 + T] . (128)
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Furthermore, substitute in (12.8) the equality z = 2N, (A) and apply Lemma
1.6.4. Then we get §,(4, q) < A,(A,q), where

Ay(A,q) = { qpe if 2Ny, (A) < epg
PERETTL 2Ngp(A) [In (2N25(A)/qp)] TP if 2Nz, (A) > epg

Now the previous theorem yields the inequality sva(B) < A,(A4,q).

2.13 Preservation of multiplicities of eigenvalues

For a b € C and an r > 0, again put
Qb,r):={2z€C:|z—b <r}.

Lemma 2.13.1 Let A and B be bounded linear operators acting in a Banach
space, and

A has an isolated eigenvalue A\(A) of the algebraic multiplicity v.  (13.1)

In addition, with the notations ¢ = |A — B|| and

A) = inf t—\A)|/2
BA)i= _ f i A2
for a positive r < B(A), let
¢ s R4 <1 (13.2)
IN(A)—z|=r

Then the set o(B) N Q(A(A),r) consists of eigenvalues whose total algebraic
multiplicity is equal to v.

This result is a particular case of the well-known Theorem 4.3.18 [Kato, 1966,
p. 214]. Again let p(A, \) be the distance between o(A) and a complex point
A. Again assume that there is a monotonically increasing function F(y) of
y > 0, such that the conditions F'(0) = 0, F(c0) = oo hold.

Lemma 2.13.2 Under conditions (18.1) and (12.1), let z(F, q) be the unique
positive root of equation (12.2). Then the set o(B) N QA(A), z(F, q)) consists
of eigenvalues of B, whose total algebraic multiplicity is equal to v, provided

2(F,q) < B(A).

Proof: Since F monotonically increases, comparing (13.2) and (12.2), we
have the required result due to the previous lemma. Q. E. D.

From Lemma 2.13.2 and Theorem 2.8.1, it follows
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Corollary 2.13.3 Let A € Sy, and B be a compact operator in H, and the
conditions (13.1) and

q’i@ng(A))m Ly @A)

1 cap 5+ 9720 <1

m=0

hold for a positive r < ((A). Then the set o(B) N Q(A(A),r) consists of
etgenvalues, whose total algebraic multiplicity is equal to v.

2.14 Entire Banach-valued functions and regularized de-
terminants

Let X and Y be complex normed spaces with norms ||.|| x and ||.||y, respec-
tively, and F' a Y-valued function defined on X. Assume that F(C+\C) (A €
C) is an entire function for all C, C € X. That is, for any ¢ € Y*, the func-
tional < ¢, F(C' 4+ A\C) > defined on Y is an entire scalar-valued function. Let
us prove the following technical lemma.

Lemma 2.14.1 Let F(C+\C) (A € C) be an entire function for all C,C €
X and there be a monotone non-decreasing function W : [0,00) — [0,00),
such that

[F(@)lly <W(ICllx) (C e X).

Then
- - 1 ~ 1 ~
IF(C) - F(O)lly < IC = Cllx W1+ IC +Cllx + ¢ = Cllx)-

Proof: Put .
9N = F(5(C+ )+ A(C = O)).

Then g()) is an entire function and
F(O)=F(C) =9(3) —9(=3).

Thanks to the Cauchy integral,

1 I, 1 9(z)dz
93) ~9(=3) =55 sz‘:m“ Coberh U0
Hence,

1 1 1
D=g(- Iy <G+ e
Io(g) =ol=3)Ir <G 7 e, ey
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But
‘22_1/4| 2 |Z‘2_1/4:(T+1/2)2—1/4:T2+r

1 .
(z=(r+ 5)6”, 0<t<2m).

In addition,
o)y = IF(5(C + ) + 20— E)ly = |F(3(C +O)
i+ 5)e"(C = O)lly s Wl +Clx

HG A0~ Clx) (= 1724 7).

Therefore, ~
I1F(C) = F(O)lly = llg(1/2) — 9(=1/2)|ly
1 1/2+r 1 ~ 1 ~
< (3+7) L W50+ Cllx + (5 +1)]IC = Cllx).
Hence,

~ 1 1 ~ 1 ~
IE(C) - F©)lly <5 W(IC+Clix + (5 + I~ Cllx).
Taking
B 1
IC=Cllx’
we get the required result. Q. E. D.

For an A € SNy, the determinant is defined by
det, (I —A) H (1—M\(A

If A € SN, with an integer p > 2, then the regularized determinant is defined
as

o) p—1 ;
M (A
det,, H (1 —=Xe(A exp[ k( )]
k=1 = 7
Put
G(u,p) :==(1— u)e“+u7+"‘+u7f r=12,..),G(u,0) =1 —u.
Then

det, (I — A) = [[ GO\(A),p—1).

The functions G(u, p) are called the primary factors.
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Lemma 2.14.2 For any integer p > 2 and all complex numbers u, there is a
constant
Bp <3e(2+In (p—1)),

such that
i (G p—1)] < et
n |G(u,p — —_ .
I ]
Proof: If »
ul < ——,
ful < p+1
then
u? uP
In|G(u,p)| < Re {In(1 —u) +u+ - + ...+ ;}
0k s k +1
u |u |ul? 1
T - i S U S
T I~ S ()
For »
> =
ful p+1
the inequality
In (14 |u]) < |ul
leads to the following:
ul? ulP
In |G(u,p)| < 2)u| + Jul® +...+ el
2 P
1 1 1 1 1
=uf (-4 ——+... 2
R R T

< Jul? [2(1+ %)p‘l + zpj %(1 + %)p"“]

1 P 1 1 P dx
<|u‘p(1+5)p(2+ZE)< \u|p(1+5)p(2+/1 ?)

< |uPe2+Inp) < 1“

As claimed. Q. E. D.

Lemma 2.14.3 Let A€ SN,,p=2,3,.... Then
|det, (I — A)| < PN,

If A€ SNy. Then
|det, (I — A)| < N1 (A)

© 2010 by Taylor and Francis Group, LLC



2.15. Comments to Chapter 2 57

Proof: By the previous lemma,
|det,, (I — A)| < ] e®M 0.
k=1
Hence,

|dety (I—A)| < eap B, Y [Me(A)7):
k=1

Now the required result for p > 2 is due to Weyl’s inequalities. The case p =1
is obvious. Q. E. D.

We put 8, = 1. Moreover, since
1—22=1—2Re z+ |2|> < e 2Re =+’

we have ,
|(1—2)e*|? < el

So one can take [ = 1/2.
The latter lemma and Lemma 2.14.1 imply

Corollary 2.14.4 Let A,B € SN, for an integer p > 1. Then

\det, (I — A) — det, (I — B)| <

Ny(A~ B)eap [5,(1+ 5 Ny(A+ B) + I N, (4~ B))?].

2.15 Comments to Chapter 2

Sections 2.1 - 2.5 contain the well-known results that can be found in
many books on the theory of linear operators, such as [Dunford and Schwartz,
1966], [Istratescu,1981], [Krein, S. G., 1972], etc. For more information about
linear compact operators, we refer the reader to the excellent books [Diestel,
Jarchow, and Tonge, 1995] and [Pietsch, 1987].

The material of Sections 2.6 - 2.13 is adopted from [Gil’, 2003a]. About
the classical results on spectrum perturbations, see for instance [Kato, 1966]
and [Baumgartel, 1985].

Theorem 2.14.1 has been proved in [Gil’, 2008b]. Lemma 2.14.2 is taken
from the book [Levin, 1980]. The perturbation results for determinants, sim-
ilar to Corollary 2.14.4 can be found in [Gohberg, Golberg, and Krupnik,
2000].
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Chapter 3 contains the background material. It is a collection of basic con-
ceptions and classical theorems of the theory of entire functions, part of which
is given without proofs. In particular, we present the Weierstrass theorem on
the representation of an arbitrary entire function by an infinite product and
the Hadamard theorem on the representation of a finite-order entire function
by a canonical product. The classical results of Borel, Hadamard, and Lin-
deléf on the connections between the growth of an entire function and the
distribution of its zeros and the Jensen theorem on the counting function of
zeros are also included in this chapter.

3.1 The Rouché and Hurwitz theorems

Theorem 3.1.1 (Rouché’s theorem). If fi(z) and fa(z) are analytic interior
to a simple closed Jordan curve C' and if they are continuous on C and for
all z € C,

|f2(2)] < [f1(2)],

then the function f1(z)+ f2(2) has the same number of zeros interior to C' as

does f1(z).

59
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60 3. Some Basic Results of the Theory of Analytic Functions

For the proof, see for instance the books [Marden, 1985, p. 2| and [Saks and
Zigmund, 1965]. By the Rouché theorem, we derive the following result, which
is called the Hurwitz theorem.

Theorem 3.1.2 Let f,(z) (n = 1,2,...) be a sequence of functions that are
analytic in a region D and that converge uniformly to a function f(z) in
every closed subregion of D. Let zg be an interior point of D. If zg is a limit
point of the zeros of the fn(z), then zy is a zero of f(z). Conversely, if zo
is an m-fold zero of f(z), every sufficiently small neighborhood of zy contains
exactly m zeros (counted with their multiplicities) of each f, with n > N for
a sufficiently large integer N.

Proof: Let us first assume that f(z9) # 0,29 € D. Since f is analytic in D,
it can have only a finite number of zeros in D. We may then choose a positive
r such that f(z) # 0 (in and) on the circle

Q(z0,7) ={]z — 20| <7}

Let us set
€= minzeg(z(),rﬂf(z)"

Since the f,,(z) converge to f(z) uniformly in D, we can find a positive integer
N = N(r) such that |f,(z) — f(z)| < € for all z in Q(zo,7) and all n > N.
Consequently,

[fn(2) = f(2)] < |F(2)]

on 9Q(zp,r) = {|z — 20| = r} and by Rouché’s theorem, the sum function

fn(2) = [f(2) = F(2)] + f(2)

has as many zeros in Q(zp,r) as does f(z). Since, therefore, f(z) # 0 on
Q(z0,7), a point zg with f(zp) # 0 could not be a limit point of the zeros of
f

Conversely, if we assume that zg is an m-fold zero of f(z), then we may
again choose a positive 7 so that f(z) # 0,z € 0Q(z0,7). Reasoning as in
the previous paragraph, we now conclude from Rouché’s theorem that each
fn(2),n > N, has precisely m zeros in Q(zp,7). Q. E. D.

The theorem, whose proof we have now completed, will provide our prin-
cipal means of passing from certain theorems on the zeros of polynomials to
the corresponding theorems on the zeros of entire functions and other analytic
functions.

© 2010 by Taylor and Francis Group, LLC
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3.2 The Caratheodory inequalities
Let f(z) be holomorphic on a neighborhood of the circle |z| < R. Put

My(r) := ‘gll?;If(Z)l

and
Af(r) :==max Re f(z) (r <R).

|z|<r

From the maximum principle for harmonic functions, it follows that Af(r) is
a monotone increasing function of r. Also we clearly have

[Ag(r)] < M (r).

For R > r, there is an inequality between Ay(R) and My(r), which is a sort
of converse to the inequality above.

Theorem 3.2.1 If f(z) is any function holomorphic in the circle |z| < R,

then
2r

R—r

Mj(r) < [Af(R) — Re f(0)] +1FO) (r <R). (2.1)

This inequality is called the Caratheodory inequality for the circle.
Proof: Our starting point is the formula of Schwarz,

1 0 Re? + 2 )

—Tr

(F(2) = u(2) +iv(2)), (2.2)

which represents a function holomorphic in the the circle |z| < R in terms of
the boundary values of its real part, see [Titchmarsh, 1939]. Let us add to
the right side of (2.2) the quantity

w(0) — = /W w(Re™)do,

— 5 B
which is equal to zero. We obtain the equation

) = lﬁ u(Re) 0 + f(0)

™

In particular, for f(z) = 1, we obtain

1 (7 z
— —————df =0.
7 /,7r Re® — 2
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From the last two equations, we obtain the formula
1

1) =3 [ A — (R a0 - 1(0).

Since the quantity A;(R) — u(Re®) is non-negative we obtain the inequality

2r
R—r

Clearly, it is possible to replace |f(z)| by My(r) and obtain (2.1). Q. E. D.

If(z)] < [Af(R) = u (0)] + | £(0)]-

If the function w = f(z) takes values lying in the left half-plane (Re w < 0)
when z is in the circle |z| < R, then A(R) < 0 and

2r
G <~ —u )+ 1FO)] (2 <7 < R).
By mapping the circle |z| < R onto the half-plane one can obtain from this
inequality the corresponding inequality for functions analytic in a half-plane.

Theorem 3.2.2 A function f(z) that is holomorphic in the half-plane Im z >
0 and takes on it values in the upper half-plane Im f(z) > 0 satisfies, for
Im z>0 and |z| > 1, the inequalities

sin 0 r

< [fE)I <511

r sin 0

£1760) (23)
(z=re’, 0 <0 <)

This inequality is called the Caratheodory inequality for the half-plane.
Proof: Map the upper half-plane Im z > 0 onto the unit circle

z—1 u+1
U= -or z = —1i .
z+1 u—1
The function +1
u
F =if(—1
(w)=if (i ")

is defined in the unit circle and satisfies Re F'(u) < 0. Consequently, Ap(R) <
0, and from Caratheodory’s inequality for the circle |u| <1 we have

2|z — i
|z 4+t — |z — 1|

() < [f@)] = Re (if (D)) (Im z > 0).

Note that for |z| > 1 we have
|z —i| <2r, |2 44| < 2r and |z +|* — |z —i|* = 47 sin 6.

It is easy to obtain the last equality, if we consider the triangles with vertices
at 0,z,7 and at 0, z, —1.
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We thus have
4r
< |f(@)|(1 < 5|f(i
I < @I+ =) < 5156)
To obtain the left side of the required inequality, note that the function f(z)

does not vanish in the open upper half-plane. Writing the inequality (2.4) for
the function 1/ f(z) we obtain the left inequality in (2.3). As claimed. Q. E. D.

r

m. (2.4)

The Caratheodory theorem enables us to estimate from below the modulus
of the holomorphic function f(z) having no zeros in the circle |z| < R. Indeed,
assume that f(0) = 1, and write inequality (2.1) for the holomorphic function
In f(z). We obtain the inequality

in $2)] < In My(R) 22— (0<r <R, |2 <7)

from which follows

1 2r
I <M (R) 2
7y =M B
and
In |f(2)| > —In M(R)—2"
- f R—1r

Thus we obtain the following theorem.

Theorem 3.2.3 If the function f(z) is holomorphic in the circle |z| < R and
has no zeros in this circle, and if f(0) = 1, then its modulus in the circle
|z] <7 < R satisfies the inequality

2r
R—7r’
If the function f(z) has zeros, such an estimate is, of course, impossible.

However, one can give an analogous estimate in the domain obtained from
the original circle by removing certain small circles containing the zeros.

In|f(2)] > —In Ms(R)

3.3 Jensen’s theorem

Denote by v¢(t) the number of the zeros of f(z) in the circle |z| < t.
The function v¢(t) will be called the counting function of the zeros of f (the
counting function of f).

Theorem 3.3.1 Let f(z) be holomorphic in a circle of radius R with center
at the origin, and f(0) #0. Then

R, 2m .
/0 #dt:%/o In |F(Re®)|d0 — in |£(0)]. (3.1)
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Note that if the function has no zeros in the circle |z| < R, then v;(¢) = 0
and equation (3.1) expresses a well-known property of harmonic functions. If
there are zeros, then it follows from (3.1) that

27
In |f(0)] < %/O In | f(Re™)|do.

Proof: If the function has no zeros for |z| = t, then by the argument prin-
ciple we have

™ d lar e
= [ s,

Using the Cauchy-Riemann equations

dlarg f(te®)] D ln |f(te)]
t 00 o ot ’

we have

vpt) _ 1 (779 In |f(te?)
= — ——df
t 2m Jo ot

for all except a finite set of values of ¢ in the interval 0 < ¢ < R. Integrating
both sides of this equation from 0 to R we obtain (3.1). Here, of course, we
are using the continuity of the function

27
/ In | f(te'®)|dd.
0

It is easy to establish this continuity if we represent the function in |f(z)| in
the form
n|fi(2)]+ Y Inlz— 2,

|zn|<R

where zj, are the zeros of the function f(z), and f1(z) has no zeros in the circle
|z] < R. The first term is continuous, and

27 i
0 _ [ 2rinR if R> |z,
/0 In |Re z|df = { 2 In |zi|  if R < |zg]

So that this is also a continuous function. Thus the theorem is proved.
Q. E. D.

Jensen’s formula can be generalized to include the case when f(z) has a
zero of order A at the origin. Then, applying formula (3.1) to the function
f(z)z=>, we obtain

R 2 A)
vpt) ,, 1 / N ()]
A lnR+/0 " dt = o7 /. In |f(Re)|dO — In N

Here v (t) is defined to be the number of zeros of f(z), different from the
origin, in the circle |z| < ¢. The following lemma gives an important estimate
for the number of zeros of f(z) in a circle.
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Lemma 3.3.2 If f(z) is holomorphic in the circle
lz| <er

and if | f(0)] =1, then
ve(r) <ln My(er). (3.2)

Proof: From Jensen’s formula and the monotonicity of v;(t) we have at once
er t 1 27 )
vi(r) < / VfT()dt <o / In |f(ere®)|dd < in My(er).  (3.3)
T ™ Jo

As claimed. Q. E. D.

Inequality (3.2) is called the Jensen inequality.
Let us investigate when the equality sign can hold in (3.2). For this it is
necessary and sufficient that equality hold everywhere in (3.3). The equation

vp(r) = /87’ VfT(t)dt

says that the function f(z) has no zeros in the annulus r < |z| < er. The

equation
“ Vf(t) 1 /2 6
= — A4
/T P dt o/, In |f(ere*)|do (34)

says, by (3.1) since |f(0)| = 1, that f(z) has no zeros in the circle |z| < 7.
Finally, the equation

% /027r In |f(ere)|dd = In Mg (er)
says that on the whole circumference |z| = er,
|f(ere®®)| = My(er).
All these conditions are fulfilled for functions of the form

o(z) = e T L= 2) (3.5)

e2r?2 —Z,z
k=1

(|zk| = 7, is real ).

Indeed, each factor in this product maps the circle |z| < er onto the unit circle,
and therefore has modulus one everywhere on the circumference |z| = er.
Thus, on the circumference |z| = er, we have |¢(z)| = €". In addition, all the
roots of ¢(z) are on the circle |z| = r, and |¢(0)] = 1. It is not difficult to
show that (3.5) is the general form of the functions for which equality holds
in (3.2).
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3.4 Lower bounds for moduli of holomorphic functions

At the beginning of this section, we mention an important theorem of
Cartan.

Theorem 3.4.1 Let
n
P(z) = H(z —ay) (n<o0,z€C),
k=1

where ay,...,a, are compler numbers. Then for any number H > 0, the
inequality

|P(2)| > (H/e)"
holds outside of at most n circles, the sum of whose radii is at most 2H .

Proof: We divide the proof into several stages.

1. We choose the quantity H/n as the unit of measurement and show
that there are closed circles in the complex plane having radius equal to the
number of points {ax} contained within the circle. Indeed, form the smallest
convex polygon containing all the points {ax}, and choose any vertex a; of
this polygon. Clearly, there are circles of arbitrary radius that contain this
point but do not contain any other of the points {a;}. In particular, the
radius can be chosen to equal the multiplicity of the point a;.

2. From among all circles with radius equal to the number of points {ay}
lying inside the circle choose one with the largest radius, Ay H/n, and call
it C1. Note that no circle in the plane with radius greater than or equal to
A1 H/n can contain more points of the set {ar} than the number of units of
measurement in its radius. Indeed, suppose a circle of radius AH/n, with
A > Ay contains A > A points of the set {ay}. The concentric circle of
radius A’ H/n either contains A’ points or A” > ) points. In the second case,
we consider the concentric circle of radius A”H/n and so forth. Since the
set {a} is finite, we eventually come to a circle of radius AH/n, larger than
A1H/n, that contains A points. This is impossible since Cj is the largest circle
having this property. The points of the set {ax} that lie inside C; will be said
to be of rank \;.

3. We remove the points of rank A;, and for the remaining n — \; points,
we construct the largest circle Cy that contains the same number of points as
there are units in its radius. Let its radius be Ao H/n. We shall show that
Ao < Aq.

Indeed, if this were not the case then the circle Co would have a radius
larger than A H/n and would contain at least as many of the original n points
as there are units in its radius. But this contradicts the result of point 2. The
points in Cs will be said to be of rank A\s. Now remove these points too, and
for the remaining n — A\; — A points we find the largest circle C3 containing
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the same number of points as there are units in its radius. Suppose that its
radius is A3 H/n. Clearly, A3 < Ao. The points in C3 will be said to be of rank
A3, and so forth. We thus obtain a sequence of circles

C1,Cs, ..., Cp
with radii that contain A1, Az, ..., A, units of measurement, respectively, where
M2>2X 2> 2

and
H
(MA+A+...+A)=H.

n
4. We now form circles
Iy, Iy, ..., T

concentric with the circles C1, Co, ..., C), but with radii twice as large. Let zg
be an arbitrary point lying outside all of the new circles. Take the circle

C., ={2€C:|z— 2| <AH/n}

where )\g is some natural number. This circle intersects any of the circles Cj,
that have a radius larger than or equal to A. Thus, this circle can only contain
points whose rank is less than A. From the definition of rank it follows that
after removing all points of rank greater than or equal to A, no circle of radius
greater than or equal to AH/n can contain as many of the remaining points
as there are units of measurement in its radius. It follows from point 2 that
the circle C;, can contain at most A — 1 points.
5. Enumerating the points {ax} in the order of increasing distance from
2o we have
H
|z —ag| > k—
n
and I I
|z — a1||z — az|...]z — an| > n'(g)n > (;

)"
As claimed. Q. E. D.
By the Cartan theorem, we will proof the following result.

Theorem 3.4.2 Let f(z) be holomorphic in the circle |z| < 2¢eR (R > 0)
with f(0) = 1, and let n be an arbitrary positive number not exceeding 3e/2.
Then inside the circle |z| < R, but outside of a family of excluded circles the
sum of whose radii is not greater than 4nR, we have

In|f(2)] > —H(n) In Ms(2eR) (4.1)

for
3e
Hn)=2+1In—.
() =2+n -
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Proof: Construct the function

- Z — Zk
¢(Z) a zZ1%2 . 1;[ — ZkZ

where 21, 22, ..., 2, are the roots of f(z) in the circle |z| < 2R. We have

(2R)"
|z129...20]

¢(0) =1 and [¢(2Re”)| =

The function 2)
z
bz =22
“ =56
has no roots in the circle |z| < 2R, and therefore by the corollary to the
Caratheodory theorem for the circle (Theorem 3.2.3) we have for |z| < R,

(2RrR)"
|z122... 2n]
> —ln M¢(2eR). (4.2)

Now we estimate |¢(2)| from below. For |z| < R,

In |[¢(2)] > —In M;(2eR)+2in

n
[T 12R)? — zkz| < (6R*)™.
k=1
By applying the Cartan theorem (see the previous theorem) to the polynomial
in the numerator of ¢(z), we see that, outside of a family of circles with the
sum of the radii equal to 4nR, we have

\HQszzk|><

and consequently,

lo(2)| > (@)n(m;)n |Z(122'J:):n| = (:2?:) :

By the Jensen inequality,
=v§(2R) < ln Ms(2eR),
and this leads to the estimate

In|p(2)] > ln(?)’ ) in M¢(2¢eR).

Combining this with the estimate (4.2) we see that in the circle |z| < R, but
outside of a family of circles, the sum of whose radii does not exceed 4nR, we
have the required result. Q. E. D.
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3.5 Order and type of an entire function

Recall that an entire function is a function of a complex variable holo-
morphic in the entire plane and consequently represented by an everywhere
convergent power series

chz z € C). (5.1)

Again use the function

My(r) := max|f(2)
(sometimes we shall simply write M(r)). It is easily seen that M (r) is con-
tinuous. In fact, let 71 < 72 and |f(r2€'%°)| = M(rs). Then

0 < M(rg) — M(ry) < [f(r26") — f(rie")] < e

for ro — r1 < de. It follows from the maximum modulus principle that, as
r increases, My(r) grows monotonically. The rate of growth of the function
My (r) is an important characteristic of the behavior of the entire function.
Let us show that for an entire function that is not a polynomial M (r) grows
faster than any positive power of 7.
As usual, put
hinhﬂﬂooq&( ) = lim inf ¢( )

r—0o0 t>7
and o
lim, 0o p(r) = lm sup ¢(t).

=00 >
Theorem 3.5.1 If there exists a positive integer n such that

My(r)

T— 00 Tn < )

lim
then f(z) is a polynomial of degree at most n.

Proof: If

chz z2€C)
and

chz (z€C)

then the function
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is entire and tends uniformly to zero on some sequence of circles |z| = r,, (1, —
00). It follows from the maximum principle that ¢(z) = 0, that is,

() = Pu(2).
As claimed. Q. E. D.

Thus, in order to estimate the growth of transcendental entire functions,
one must choose comparison functions that grow more rapidly then powers of
r. We choose comparison functions of the form

rk

€ )
where k > 0.
An entire function f(2) is said to be a function of finite order if there
exists a positive constant k, such that the inequality

Myg(r) <e”

is valid for all sufficiently large values of r (r > 79(k)). The greatest lower
bound of such numbers k is called the order of the entire function f(z).

It follows from this definition that if p is the order of the entire function
f(2), and if € is an arbitrary positive number, then

Tp+e

e < My(r)y < e, (5.2)

where the inequality on the right is satisfied for all sufficiently large values of
r, and the inequality on the left holds for some sequence {r,} of values of r,
tending to infinity. It is easy to verify that condition (5.2) is equivalent to the
equation

InIn Mg(r)

= l.irﬂoo
p(f) = lim Iy

)

which could therefore be taken as the definition of the order of the function.

An inequality that holds for all sufficiently large values of r will be called
an asymptotic inequality. For functions of a given order a more precise char-
acterization of the growth is given by the type of the function. By the type
of an entire function f(z) of order p, we mean the greatest lower bound of
positive numbers A for which asymptotically My (r) < e Just as with the
definition of order it is easy to verify that the type o a of a function f(z) of
order p is given by the equation

o= mmw_
rP

If o = 0, then function f(z) is said to be of minimal type, if 0 < o0 < oo of
normal type, and if o = oo of maximal type.
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3.6. Taylor coefficients of an entire function 71

An example of an entire function of order n and type o is the function

eaz"
for integral n.
It is easy to verify also that sin z is an entire function of order one and
normal type o = 1.

The function cos y/z has order p = 1/2 and type ¢ = 1. The function

e*

e
is an example of an entire function of infinite order.

We shall say that the function fa(2) is of larger growth than the function
f1(2) if the order of fa(z) is greater than the order of f1(z), or if the orders
are equal and the type of fo(z) is larger than the type of fi(z). It is easy to
see that the order of the sum of two functions is not greater than the larger
of the orders of the two summands, and if the orders of the summands and of
the sum are all equal, then the type of the sum is not greater than the larger
of the types of the two summands. In addition, if one of the two functions is
of larger growth than the other, then the sum has the same order and type as
the function of larger growth.

3.6 Taylor coefficients of an entire function

Let an entire function f(z) have the power series

f(z) = chzk- (6.1)
k=0

The radius of convergence is infinite and therefore
lim {/|en| = 0. (6.2)
T—00
The following theorem enables one to determine the order and type of an
entire function by the rate of decrease of its Taylor coefficients.

Theorem 3.6.1 The order p = p(f) and type 0 = o(f) of an entire function
are expressed in terms of its Taylor coefficients by the following equations

ninn
In L

[enl

(6.3)

and

(oep)r = limy,—0o(n? V/|cn|)- (6.4)
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Proof: By the well-known inequality for the coefficients of a power series

M;y(r)

leal < =3 (6.5)

If f(2) is of finite order, then asymptotically
My(r) < eAr (6.6)

and thus
A’I‘k'

len] < <

rn

Employing the usual method for finding extrema it is easy to see that the
function on the right side of this inequality takes its largest value in the range
r > 0 for

and therefore asymptotically

lea] < (Z5)F. (6.7)

Conversely, assume that (6.7) holds for all indices n greater than ng(k, A),
and let us estimate My (r). For n > m, = [2¥eAkr*], where [z] is the integer
part of x > 0, and all sufficiently large values of r we have by (6.7)

len 2™ <277

and therefore

1F(2)] < lenlr™ +27.

k=0

Introducing the notation
p(r) = max|c,|r",
n

we have
My(r) < (14 28eAkr®)u(r) +27mr. (6.8)

If f(z) is not a polynomial, then My (r) and u(r) grow faster than any power
of 7, and therefore the index of the largest term in the series (6.1) increases
without bound as r grows. It follows from (6.7) that asymptotically

u(r) < max (@

n
)"'rn.
n n

The maximum of the right side is attained for

n = Akr®
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and therefore asymptotically
p(r) < el
From (6.8), we see that asymptotically
My(r) < (2 + 2% AkrF)eAr". (6.9)

Thus (6.7) follows from (6.6), and (6.9) follows from (6.7). This shows that
the order p of an entire function f(z) is equal to the greatest lower bound
of numbers k for which the asymptotic inequality (6.7) holds, and the type
is equal to the greatest lower bound of numbers A for which the asymptotic
inequality (6.7) holds with & = p. From this both assertions of the theorem
follow at once. Q. E. D.

We note an interesting corollary that follows at once from formulas (6.5)
and (6.8). The maximal term p(r) in the power series expansion of an entire
function of finite order satisfies the asymptotic inequalities

p(r) < My(r) < p(r)re™,

where p is the order of the function f(z) and e is an arbitrary positive number.
With the aid of Theorem 3.6.1, one can easily construct entire functions of
arbitrary order and type. To this end, consider the entire function

E:OF akJrl

where A > 0 and « > 0, and T" is the Euler Gamma function. By Stirling’s
formula, we easily have from (6.3) and (6.4) the equalities
1

p=—and o = A.
«

3.7 The theorem of Weierstrass

It is well known that every polynomial can be written as the product of
linear factors. The analogue of this assertion for entire functions is the theorem
of Weierstrass on the representation of entire functions by infinite products.
This representation is important for the investigation of the basic question of
the theory of entire functions - the question of the relation between the growth
of the entire function and the distribution of its zeros in the complex plane.

Let 21, 23,... be a sequence of complex numbers, none of which is zero,
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with the point at infinity as the only limit point. We shall construct an entire
function whose set of zeros is precisely this sequence.

We can assume that these points have been arranged in order of increasing
moduli (if several different points have the same modulus, then we take them
in any order). Choose a sequence of natural numbers p,,, such that the series

>l (7.1)

converges uniformly in each bounded domain. Such a choice is possible since,
for |z| < R (R > 0) the inequality

Z<g<1
Zn

is satisfied for all sufficiently large values of n, and thus, for example, one can
choose p, = n. We form the infinite product

IIG ) (7.2)

in which ) )

Gu,p) = (1 —w)e" T =% Gu,0)=1—u
are primary factors. Let us show that the product (7.2) converges uniformly
on each closed bounded set that contains none of the points z,, and therefore
defines an entire function that vanishes at the points z, and only at them. To
this end, we estimate the quantity |in G(u,p)| for |u| < ¢ < 1 and |arg (1 —
u)| < 7. From the expansion

s uPt2
p+1 p+2

which is valid under the conditions indicated, we obtain

In G(u,p) =

eeey

|u|P 1 |u|P 1
In G(u, <
[in G(u,p)| 1

—lul T 1-q
It follows from this inequality that for |z] < R and n > n(q, R) we will have
z 1 z
In G(=,p,)| < —— |=|P»*!
i 6(Zpl < T 15

and this implies, because of the uniform convergence of the series (7.1) in the
circle |z| < R, that the series

ZlnG —+Pa)

and therefore also the product (7.2), converges uniformly in each closed subset
of this circle that contains none of the points z,.
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Theorem 3.7.1 Every entire function f(z) can be represented in the form
— me9 TT (2 < 7.3
) =2 [T 62 (< o), &

where g(z) is an entire function, z, are the nonzero roots of f(z), and m is
the order of the zero of f(z) at the origin.

Proof: The nonzero roots z, of the entire function f(z) (n =1,2,...,w < c0)
have no finite limit point. We form the product

H G apn (7.4)
in which p, =0, if w is finite. The function

_ J(®)
is entire and has no zeros. Hence, the function g(z) = In ¢(z) is also entire,
and we obtain the desired representation. Q. E. D.

In the representation (7.3), the sequence of numbers p, is not uniquely
determined, and therefore the function g(z) is not determined uniquely either.
The representation of the function f(z) is considerably simpler if the numbers
zn, satisfy the following supplementary condition: the series

=1
—_— 7.5
2 (75)

converges for some positive X\. In this case let p denote the smallest integer
for which the series
Z | Zk|p+1

converges. Clearly, 0 < p < A. The series (7.1) will converge uniformly if we
put all p,, = p. The uniformly convergent infinite product

H G(— (7.6)
n=1
is called a canonical product, and the number p is called the genus of the
canonical product.

In the case just considered, it is customary in the representation (7.3) to
choose the canonical product for the infinite product. Then the function g(z)
is uniquely determined. If ¢g(z) is a polynomial, f(z) is said to be an entire
function of finite genus. The larger of the numbers p and ¢, where ¢ is the
degree of the polynomial g(z), is called the genus of the entire function f(z).
If g(2) is not a polynomial, or if the series (7.5) diverges for all values of A,
then the genus is said to be infinite.
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3.8 Density of zeros

The representation of an entire function as an infinite product makes it
possible to establish a very important dependence between the growth of the
function and the density of distribution of its zeros. As a measure of the
density of the sequence of points z,, having no finite limit point, we introduce
the convergence exponent. By the convergence exponent of the sequence

21522, .- (Zn ?é O’nlingo Zn = 00)7

we mean the greatest lower bound of numbers A for which the series

=1
(8.1)
kzzl |2 *

converges. Clearly, the more rapidly the sequence of numbers |z| increases,
the smaller will be the convergence exponent. In particular, the convergence
exponent can be zero. If the series (8.1) diverges for all A\ > 0, then the
convergence exponent is said to be infinite. If X is equal to the convergence
exponent, the series (8.1) may or may not converge, depending on the sequence
{zn}. For example, the sequences z, = n'/? and z, = (n ln2n)1/p have the
same convergence exponent p, but in the first case, the series (8.1) diverges
when A = p, while in the second case, it converges. The sequences {e"}
and {ln n} have convergence exponents 0 and oo, respectively. Let us recall
the following obvious relation between the convergence exponent p; of the
sequence {z,} and the genus p of the corresponding canonical product (7.6):

p<p1<p+1

If py is an integer, then p = p; when the series (8.1) diverges for A = p; while
p1 = p+ 1 means that the series converges.

Define the function n(r) as the number of points of the sequence z, in the
circle |z| < r. In other words, n(r) is the counting function of the numbers
z. The growth of the function n(r) gives us a more precise description of the
density of the sequence z, than the convergence exponent. By the order of
this monotone function, we mean the number

— In n(r
p1 = lim, o ™ i ) (8.2)
and by the upper density of the sequence {z,}, we mean the number
A =T, "0 (8.3)

rP1 :

If the limit exists, then A is simply called the density.
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Lemma 3.8.1 The convergence exponent of the sequence
21,22, ... (lim |z,| = 00)
n—oo
is equal to the order py of the corresponding function n(r).

Proof: The series (8.1) can be rewritten as a Stieltjes integral in the follow-
ing form:
/ °° dn(t)
o
Use the fact that n(t) = 0 for 0 < ¢ < |z1|. Then, integrating by parts, we

have
" dn(t n(r " n(t)dt
/0 t£ ) _ 7&) Jr,\/0 t&ll : (8.4)

If the series (8.1) converges, then both the positive terms on the right side
of (8.4) are bounded, and since the second term is monotone increasing, the

integral
 n(t)dt
/0 o (8.5)
converges. From this convergence, it follows that for arbitrary € > 0 and
r > ro(e),
> p(t)dt < gt 1
e>)\/r powE ZAn(r)/T t/\ﬁ:n(r)r—)\
or
lim "0 g,

7—00 7“)‘

Thus, the order of the function n(r) is not greater than the convergence expo-
nent of the sequence. Also, from the above reasoning, we see that conversely
the convergence of the integral (8.5) implies the convergence of the series
(8.1). Let now p; be the order of the function n(r). Then, for € > 0, we have
asymptotically

n(r) < pPrte/2,

Therefore, for A = p; +¢, the integral (8.5) converges, and therefore the series
(8.1) also converges. Thus, the convergence exponent is not greater than the
order of the function n(r). The lemma is proved. Q. E. D.
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3.9 An estimate for canonical products in terms of count-
ing functions

Now we are going to estimate the canonical product. To this end, we recall
that by Lemma 2.14.2 for any integer p > 1 and all complex numbers u

‘u|p+1

pant (9.1)

In |G(u, p)| < Bpr17———
where 3, is a constant satisfying
Bp <3e(2+1n (p—1)).

In addition,
In|G(u,0)] <lIn (14 |u]).

Lemma 3.9.1 If the series

Z |Zk|p+1 (92

converges, then the infinite pmduct

= H G(i
k=1

satisfies in the entire complex plane the inequality

" dn(t ° n(t)dt
1) < et ([ G [TEGE =,
in which
ky, = 3e(p+1)(2+In p) for an integer p > 1
and ko = 1.

Proof: From inequality (9.1) with p > 0, we have

yp+1 - 1 [ dn(t)
In ‘H( )| < BP-H Z W = 5p+1r1”+ /0 W

As was proved in the proof of Lemma 3.8.1, it follows from the convergence

of the series (9.2) that
n(r)

=0.

r—00 7’1’+1

Integrating by parts and taking into account that n(t) = 0,¢ < |21|, we have

Cpr+(p+ 1)t

7151’“(15 )2 n(t)dt

I (1) < Gy [
0
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1

< B 17'p+1p+1/ —_—
P+ ( ) 0 tp+1(

) n(t)dt

or
" n(t) ®n
In \H(z)|§ﬂp+1(p+1)rp(/0 Wdt—l—r/r tpﬁdt).

The case p = 0 is verified in a similar manner. Q. E. D.

3.10 The convergence exponent of zeros
Theorem 3.10.1 (Borel). The order p of the canonical product

ne) = [[6(n)

does not exceed the convergence exponent py of the sequence {z,}.

Proof: The number p is the smallest integer for which the series (9.2) con-
verges. Thus, for the convergence exponent p;, we have the inequality

p<p<p+L

Suppose that p; < p+1 and p; < A < p+ 1. Then by (8.2) there exists a
constant C) such that for all values t > 0

n(t) < Oyt

From Lemma 3.9.1, we have

T oo
In |1(2)] < C,\kp(rp/ tA’p’ldt-&—r/ tA7P=24t) = C\Bar?,
0

”

where
1 1

A—Dp + p+1-— )\}’
that is, the order of II(z) does not exceed A, and therefore, it does not exceed
p1. If pp = p+ 1, then, as was shown in the proof of Lemma 3.8.1,

By =kp|

n(r)

=0,

r—00 rp+1

and the integral
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converges. Using this, we have from Lemma 3.9.1 that asymptotically
|lin TI(2)| < erP™!,

that is, 1I(2) is at most of order p + 1 and minimal type. Q. E. D.

Remark 3.10.2 If p; is not an integer and if the upper density of the se-
quence {z,} is finite, then I1(2) is at most of order p1 and normal type; if p1
is not an integer and if the density of the sequence {z,} is zero, then I1(z) is
at most of order p1 and minimal type.

For details, see [Levin, 1980, p. 13].

Theorem 3.10.3 The convergence exponent p1 of the zeros of an arbitrary
entire function f does not exceed its order p(f).

Proof: Without loss of generality, we may assume that f(0) = 1. Otherwise
in place of f(z) one considers

— \,—A f(Z)
f1(z) = Az FO0)’
which has the same order and convergence exponent as f(z). From the Jensen

inequality, it follows that
Inve(r) < T, Inln Mg (er)
Inr In er

= p(f)-

ﬁl = mrao@
The theorem is proved. Q. E. D.

Note that from the Jensen inequality one can also obtain the following

relations ") In M (er)
e v (r — 5y InMy(er
Ay =lim, o Bt < lim,_ € 7(@7“)/71

and if p; = p(f), we will have
Af < ep(f)(,f7

where o is the type of f. Comparing this with Theorem 3.10.1 and Remark
3.10.2, we have the following theorem.

Theorem 3.10.4 For canonical products the convergence exponent of the ze-
ros is equal to the order of the function. In addition, if the convergence expo-
nent is not an integer, then the canonical product is of maximal, minimal, or
normal type according to whether the upper density of the set of zeros

ve(r)

Af :mr—N}o o

18 equal to infinity, to zero, or to a number different from zero and infinity.
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3.11 Hadamard’s theorem

The theorems of the preceding sections enable us to refine considerably
the theorem on the representation of an entire function as an infinite product.
This refinement, which is due to Hadamard, concerns the representation of
entire functions of finite order, and is one of the classical theorems of the
theory of entire functions.

Theorem 3.11.1 The entire function f(z) of finite order p(f) = p can be
represented in the form

f(z) = zmeP® H G(i,p) (w < 0), (11.1)

z
k=1 k

where z, are the nonzero roots of f(z), p < p, P(2) is a polynomial whose
degree q does not exceed p, and m is the multiplicity of the zero at the origin.

Proof: The convergence exponent p; of the zeros of the entire function does
not exceed its order p, and the integer p in the associated canonical product

LOES I KE0
k=1

does not exceed p;. Consequently, p < p.

It remains to show that the function P(z) in (11.1) is a polynomial of
degree ¢ not exceeding p.

To this end, we recall that the order of the canonical product is equal to
the convergence exponent. Furthermore, it is not hard to check that the entire
function

f(z)

¥(z) = W

has order at most p, cf. the corollary to Theorem 12 from the book [Levin,
1980, p. 24]. Therefore, 1 satisfies the asymptotic inequality

In(z) < rPte.
In addition, the function 1 (z) has no zeros. Thus,
P(z) = In1(z)
is an entire function, and we have asymptotically
Ap(r) < rfte.
By the Caratheodory inequality, it follows that asymptotically

Mp(r) < rPt2e.
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By Theorem 3.5.1, the function P(z) is a polynomial of degree at most p. The
theorem is proved. Q. E. D.

For functions of nonintegral order, the degree of the polynomial in the
exponential factor is less than p. Therefore, the order of the function coincides
with the order of the canonical product, and therefore with the convergence
exponent. Thus, in this case

p<p<p+1
Example 3.11.2 The function

sin /2

Tz
is entire, of order one-half, and has the zeros 12,22,... . By Hadamard’s
theorem, it has the representation

f(z) =

From the equation f(0) = 1 we have ¢ = 1. Replacing z by 2z? we obtain

sinﬂz:ﬂ'zH (lfﬁ)
k=1

from which we also have

. o Zy\ 4
sin Tz = T2 H (1—E)e Ik,
k=—00,k#0

The function

f(2) :wzH (1—i)
k=1

n ln?n

is entire of order one.

Functions of nonintegral order have an infinite set of zeros, and the con-
vergence exponent of the set of zeros is equal to the order of the function, cf.
[Levin, 1980, p. 26].

Let us mention the following useful result.

Theorem 3.11.3 If the order p of the entire function f(2) is not an integer,
and if Ay is the upper density of the set of its zeros, then for Ay = 0 the
function is of minimal type, for Ay # 0,00, the function is of normal type,
while for Ay = oo, it is of mazimal type.
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For the proof, see [Levin, 1980, p. 27].

The conclusion of this theorem is no longer valid when the order of the
entire function is equal to an integer. Indeed, in this case, the order can be
determined by the exponential factor, and the convergence exponent may be
less than the order of the function. In particular, the function need not have
any zeros at all. But this is not the only peculiarity of functions of integral
order. It turns out that in this case the type of the canonical product is not
determined just by the upper density of the zeros but depends also on the
distribution of the arguments of the zeros. Two examples that illustrate this
are the functions

TE TE T 22
I _ 1= 1—
sin 5 =5 11( (2k)2)
k=1
and
1 - .
#(2) = ()~ ze* kl;[l (1+ %)67E (v = const).
For both functions, we have
ve(r) =,

that is, the density of the zeros is the same. However, sin(mwz/2) is of order
one and normal type, while ¢(z) is of order one and maximal type. This is
easily seen for the latter function by using Stirling’s formula

1 1 1
—InT(z) = (2—5) lnz—z+§ In27+0 (;)
from which it follows that

In My(r) =rlinr.

For the further development of the theory of the finite-order canonical prod-
ucts, see the excellent books [Levin, 1980] and [Levin, 1996].

3.12 The Borel transform

Entire functions of at most the first order and normal type are called entire
functions of exponential type, and the exponential type of the function is the

quantity
In M(r)

o=lim,_,o ——.
T

That is, an entire function f(z) is of exponential type if there exist constants
M and «, such that
[f(2)] < Me*F! (z € C).
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Thus functions of order less than one, or of order one and minimal type,
are said to be of exponential type zero. Functions of exponential type occur
frequently in the applications, especially in harmonic analysis and in boundary
value problems in differential equations. To each entire function of exponential

type
o0
ag
=> /7 (12.1)
k=0

there corresponds the function

o0

o(z) = Z ZZi1 (12.2)

k=0

called the Borel transform of the function f(z). If o is the exponential type
of function f(z), then
o = lim ¥/ lan|

and thus the series (12.2) represents a function holomorphic in the domain
|z] > 0.

The smallest convex domain Iy containing all the singularities of ¢(z) is
called the conjugate diagram of the function f(z). It clearly lies inside the
circle |z| < 0.

Let us point two integral formulas. The first represents f(z) in terms of

its Borel transform )
£6) = 51 [ e otw)du, (123)
c

2711

where C' is any contour containing the conjugate diagram. Indeed, the inte-
gral on the right is unchanged if we replace the contour C' by any contour
containing the disc |z| < . But for such a contour ¢(z) can be represented
by the series (12.2) and integrating termwise we obtain (12.3). The second
formula gives an integral representation for ¢(z),

#(z) = /0 " e f(s)ds, (12.4)

where the integration is along the ray s = te=" ¢ > 0, 6 € [0, 27].
It is easy to verify that this integral converges absolutely and uniformly in
the domain
Re ze™" > hp(—0) + ¢ (e >0), (12.5)

where h¢(0) is the indicator function of f(z). That is,
In |f(re)]

h (6) = Ty o
. r
The convergence of the integral follows at once from the asymptotic inequali-
ties .
|6—tze*"’9| < 6—[hf(—0)+e]t
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and
F(te )| < s 05,
To prove (12.4), it is sufficient to show that the equation is valid in a part of
the domain (12.5), for example, for

Re ze % > 30.

We show that for these values of z the series (12.1) can simply be substituted
into (12.4) and integrated termwise. Indeed, in that half-plane

0

‘e—tze* | < e—S(rt.
However, from the inequality
lan| _ Mf(?")7
n! rn

it follows that the remainder
o lax|
R,(t) = —t
M= >
k=n-+1
of the series (12.1) satisfies the inequality

R (t)] < Af%@(f)nﬂ

r

and if we put r = 2¢, then
1
‘Rn(t” < 277162(U+6)t'

Thus, the series
Z 250k
e z8s k

converges on the whole ray t > 0,5 = te~*. Integrating termwise, we obtain
equation (12.4).

Note that, if & = 0, then the integral form of the Borel transform is just
the Laplace transform.

3.13 Comments to Chapter 3

As it was already mentioned, Chapter 3 contains some fundamental no-
tions and theorems of the theory of analytic functions, in particular, entire
functions.

© 2010 by Taylor and Francis Group, LLC



86 3. Some Basic Results of the Theory of Analytic Functions

The proof of the Rouché theorem (Theorem 3.1.1) can be also found in
many textbooks on the theory of analytic functions, cf. [Greene and Krantz,
2006], [Priestley, 2003], and [Wong, 2008].

In the proof of the Hurwitz theorem (Theorem 3.1.2), we have followed
the book [Marden, 1966, Sections 3.2]. The rest of Chapter 3 is based on the
book [Levin, 1980].
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In this chapter, we present various inequalities for the zeros of polynomials.
The material of this chapter is basic for the next chapters, where the cor-
responding results are derived for entire functions via limits of sequences of
polynomials.

4.1 Some classical theorems
4.1.1 The Cauchy theorem

For an integer n > 2, let us consider the polynomial

P =) aA"F (o =1) (1.1)
k=0
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with complex in general coefficients. Clearly, P is the characteristic polyno-
mial of the matrix

—C1 —C2 —Cp—1 —Cp
1 0o .. 0 0
A, = 0 1 0 0 . (1.2)
0 0 1 0

So
P(X\) =det (M — A,) (A€ C),

where [ is the unit n x n-matrix, and

where zj(P) are the zeros of P and \;(A,) (k=1,...,n) are the eigenvalues
of A, with their multiplicities.
Let us recall the classical result of Cauchy.

Theorem 4.1.1 Let P(z) be defined by (1.1) and T be the unique positive root
of the equation

2"+ ler] 2"+ o Jent]z F |en] = 0. (1.4)
Then all the zeros of P(z) lie in the circle |z| < 7.

Proof: This result follows at once from (1.3) and Theorem 1.13.3. Q. E. D.

For another proof of this theorem, see [Milovanovié et al., 1994, p. 244].
A. Cohn, cf. [Milovanovi¢ et al., 1994, p. 245] has proved that at least one
of the zeros z(P) of P(z) satisfies the inequality

|2(P)| = 7(V2 - 1),
where 7 is the unique positive root of the equation (1.4).

L. Berwald has proved the following result: let 7 be the unique positive
root of equation (1.4). Then

FV2-1)

§\>—‘

n
Z|2k S?Z

with equality in the second inequality if and only if z(P) = ... = z,(P), cf.
[Milovanovié¢ et al., 1994, p. 245].

Note also that from the equality (1.3) and Lemma 1.1.3, we have the
following well-known result.
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Lemma 4.1.2 Let P be defined (1.1). Then

< 1
T

and

Jax [24(P)| < max{l, Zickl}

..... —1

Additional bounds for mazy |z, (P)| are presented in Section 1.6.

4.1.2 The Viéte and Varing formulas
Again, let z;, = 2 (P) be the roots of the polynomial P(z) defined by (1.1).

Put
n
o1 = Z Zks
k=1

g9 = E 2§k,

1<j<k<n

g3 = E ZiZjZk
1<i<j<k<n

Let us recall the Viéte formula, cf. [Mishina and Proskuryakov, 1965, p. 187]:
O = (—1)kck.
Now put

n
= g z, m=1,2,..,n
k=1

The following formula (the first Varing formula) is valid:

ty +ty+ ... +t, — Dot ot
_ 1 2t1+3ta+...+(n+1)t, ( 1 n 1 n
m) (1) PATIRN,

(m=1,2,....),

where the sum is taken over all combinations of non-negative integer numbers
ty satisfying
tl + 2t2 + +’I’Ltn =

cf. [Mishina and Proskuryakov, 1965, p. 245]. For additional relations pn
Sm(P) and oy, see [Milovanovié et al., 1994, pp. 53 - 57].
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4.1.3 The Enestrom-Kakeya theorem

For polynomials with positive coefficients, Enestréom and Kakeya have
proved the following theorem.

Theorem 4.1.3 Let f(2) = ag+ai1z+....+a, 2" be any real polynomial whose
coefficients satisfy
Ay > Gp_1 > ... > a1 > ag > 0.

Then f has no zeros for |z| > 1.

For the proof, see [Milovanovié et al., 1994, p. 272].
Let us also point to the following result [Marden, 1985, p. 137].

Theorem 4.1.4 All the zeros of the polynomial ag + a1z + ... + a, 2™ having
real positive coefficients ay, lie in the ring p1 < |z| < pa2, where

p1 = ming(ay/ak1+1) and po = maxg(ag/ak+1)

fork=0,..,n—1.

4.1.4 The Gauss-Lucas theorem

In this subsection, we consider the location of the critical points of a poly-
nomial, that is, the zeros of its derivative. Let the polynomial P(z) defined by
(1.1) have m different zeros z1, ..., zm, and their multiplicities are nq, ..., Ny,
respectively. Then, we have

Pz)=[]G—-2)" Y n=n
k=1 k=1
Since ,
P(:) = PC) ) = PRIF(E),
where .
F(z) = Lin P(z) = ; -

the zeros of P’ can be separated into two classes. First, there are the points
zi, for which ny > 1 as zeros of P/, with multiplicities n;, — 1. Their total
multiplicity is

Z(nk—l) =n—m.
k=1

Second, there are else zeros of P’, which are the zeros of the logarithmic
derivative. Evidently, if, we know the location of the zeros of the polynomial
(1.1), then, we know a priori the location of the first class of zeros of P’
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However, the location of the second class of zeros of P/, that is, the zeros of
function F', remains as a problem. Some physical, geometric, and function-
theoretic interpretation of zeros of F' can be found in [Marden, 1985]. In a
special case, we have the answer to the previous question. Namely, a particular
corollary of Rolle’s theorem says that any interval Iy of the real line, which
contains all the zeros of a polynomial P, also contains all the zeros of P’. This
can be generalized in the sense that Iy can be replaced by a line-segment in
the complex plane. In a general case, we have (see [Marden, 1985, p. 22]):

Theorem 4.1.5 All the critical points of a non-constant polynomial P lie in
the convex hull D of the set of zeros of P. If the zeros of P are not collinear,
no critical point of P lies on the boundary 0D of D unless it is a multiple zero
of P.

This is a well-known result, called the Gauss-Lucas theorem, which was pre-
sented in a note of Gauss dated 1836, but, it was stated explicitly and proved
by Lucas in 1874. From the Gauss-Lucas theorem follows:

Theorem 4.1.6 Any circle C that encloses all the zeros of a polynomial P(z)
also encloses all the zeros of its derivative P’'(z).

Indeed, if D is the smallest convex polygon enclosing the zeros of P(z), then
D lies in C and therefore by the Gauss-Lucas theorem all the zeros of P’(z)
being in D, also lie in C'. It can be proved that the previous two theorems are
equivalent, cf. [Marden, 1985, p. 23].

Let us mention also the following well-known result, [Milovanovié et al.,
1994, p. 181].

Theorem 4.1.7 (S. Bernstein) If P and Q are polynomials satisfying |P(z)] <
|Q(2)], Q(z) # 0, for any z in the upper half-plane or on the real axis, then
we have |P'(z)| < |Q'(2)| for those values of z.

4.1.5 Self-inversive polynomials

Let

n

n
z):E a2 =a Hz—wk
k=0

be a polynomial with zeros wy, ..., w,. Define the polynomial f*(z) b
n
F(2)=2"f(1/2) = Zakz =g H(z—w,ﬁ)
k=1

whose zeros w; = 1/w}, are the inverses of the zeros wy with respect to the
unit circle |z|] = 1. Any zero of f on the unit circle is also a zero of f*.
However, if f has no zeros on the unit circle, then f* has also no zeros on
|z| = 1. For polynomial f*, we say that it is the inverse of f.
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A polynomial f(z) of degree n with zeros ws,...,w, is said to be self-
inversive if
{wh W2, ,wn} = {1/@1, 1/@2, . l/wn}.
In the proof of the next theorem, we followed the book [Milovanovié et al.,
1994, p. 17].

Theorem 4.1.8 Let f(z) be a polynomial of degree n. If there exists u € C,
|u| =1, such that 2" f(1/2) = uf(z), then polynomial f is self-inversive.

Proof: Indeed, we have
* ng ngi= n— = 1
1) = 271 /2) = 2 F@) = 2w ] (5 - ).
k=1
Le.

. a
= n n _
=T 1;[ (1 —wgz) =(-1) LT H(z Wg).

Using the Viéte formula

aTL
WiW2... Wy, = ( 1) afg,
we obtain that _
N a
() = = f(2)
ago

Since for points on the unit circle |z| = 1, we have

[ (2] = 2" F(1/Z)] = [f(2)],

we conclude that it must be |a,| = |ag|. Therefore, the equality % flz) =
f*(2) reduces to f*(2) = uf(z), where u =@, /ag and |u| = 1. Q. E. D.

The following very interesting result can be found in [Milovanovié¢ et al,
1994, p. 17].

Corollary 4.1.9 If f(2) = >1_, axz", a, # 0, then the following statements
are equivalent:

a) f is self-inversive.

b) @nf(2) = apz™f(1/2) for each complex number z.

¢) ax = uan_k, k=0,1,...,n, where |u| = 1.
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4.2 Equalities for real and imaginary parts of zeros

Again consider the polynomial P(\) defined by (1.1) and denote

n
) :Z\ck\2+n71.
k=1

For a t € [0,27) put
(P, t) := Re (c1e™)? — 2Re (c2e*") + 7(P).
Theorem 4.2.1 For any t € [0,27), we have

lek P(P,t) —QZ (Re €'z, (P))? > 0.

k=1

Proof: Let A, be the matrix defined by (1.2). Taking into account (1.3),
by Theorem 1.9.1 with A = ie®* A,,, we have

- Z |/\k(An)|2
k=1

) ) 1SN . L
= N A+ e 1AL /2 = 53Tl N (A) + e (AR, (2)
k=1

where Ny(A) is the Hilbert-Schmidt norm of an operator A. Moreover,

—cret —eTiHE e — et . —c,_1et  —cpett
et — Gye it 0 0 0
et A+ AN e = —Cze % e’ 0 0
—C,e % 0 e’ 0

Simple calculations show that

N3 (An) = 7(P)

and . . . .
Ni(e" A4 e "A*)/2 = |cre™ + e |2 /2
+[1 = cpe®? 4 Z lex)® +n — 2.
k=3
So

NB(E A+ AT /2 = [ea + (e + e ) /241 + [eaf?
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_(0262# + 626—2#)

+3 lel* +n—2=v(P1).

k=3
Hence (1.3) and (2.1) imply the required result. Q. E. D.

Note that
¢(P,/2) = —Re ¢ 4+ 2Re ¢3 + 7(P)

and
Y(P,0) = Re ¢} — 2Re ¢y + 7(P).

Now the previous theorem yields
Corollary 4.2.2 The relations

Z |z (P W(P,m/2) — 22 (Im z(P))?

k=1

n

=¢(P,0) — QZ(Re 2(P))* >0

k=1

are valid.
Hence, it follows

Corollary 4.2.3 The inequalities

Zm ) <7 (P),

and

hold.

Take into account that
Re 22 = (Re 2)? — (Im 2)?

and
Im 2> =2Re zIm z (2 € C).
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In Section 3.4, we will prove that
Zz,%(P) =2 — 2.

k=1

Hence, it follows
> (Re 2(P))? = (Im 2(P))* = Re (c} — 2c)
k=1

and
n

2> (Re 2(P)) (Im z(P)) = I'm (¢} — 2c3).
k=1

Furthermore, take into account that
|2|> + Im 2*> = (Re z 4+ Im 2)?

and

|2|> = Im 2° = (Re z — Im 2)? (2 € C).
Therefore, relations (2.3) and (2.2) imply
Corollary 4.2.4 We have

n

> (Re z(P) + Im z(P))* < 7(P) + Im (c} — 2¢3)

k=1

and .
Z(Re 26(P) — Im 2 (P))* < 7(P) — Im (¢} — 2¢3).
k=1

Let

) 1 27 )
P = 5 [ 1PEPa]
™ Jo

Then because of the Parseval equality

n

D lerf? = [P(e)fFs < max |P(:)]*
k=0 7=

Therefore,

7(P) =Pt +n -2 < max PP +n - 2.

Moreover,

Y(P,m/2) = —Re ¢} + 2Re co + |P(e™)|32 +n — 2
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< max|P(2)|* — Reci +2Recy+n—2

and ‘
Y(P,0) = Re ¢ —2Re co +n — 2+ |P(e™)|2.

<Rec? +2Reco+n—2+ ‘mlax|P(z)\2.
z|=1

4.3 Partial sums of zeros and the counting function

Again consider the polynomial P(\) = A" +¢; A"~ ! + ... 4+ ¢,. Enumerate
its zeros in the descending order: |z (P)| > |zk4+1(P)] (B = 1,...,n — 1).

Denote
n

Op i= [ lexP)/2

k=1

Theorem 4.3.1 The zeros of the polynomial P defined by (1.1) satisfy the
inequalities

Zm N<bp+j (G=1,..n—1), (3.1)

and

Z\zk ) <0p+n—1. (3.2)

Proof: Again use the matrix A, defined by (1.2). According to Lemma

1.1.1 , . ,
Z |Ae(An)| = Z Me(A3)] <Y sk(A7) (G =1,.m), (3.3)

k=1
where s;(A%) = /A(AA*),k = 1,2,... are the singular numbers of A% or-
dered in the decreasmg way. But An = M + C, where
—C1 —Cy —C3 ... —Cp
= 0 0 0o .. 0
0 0 0o .. O
and
0 0 0 0 0
1 0 0 0 0
M=1] 010 0 0
0 0 0 1 0
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Clearly,
2 0 0 0
0 0 O 0
cCr = 0 0 O 0
0o 0 0 .. O
and
000 0 0
010 0 0
MM* = 0 0 1 0 0
000 .. 01

Since the diagonal entries of diagonal matrices are the eigenvalues, we can
write out

51(C*) =0p, sx(C*)=0 (k=2,...,n).

In addition,
spM*)=1 (k=1,..,n—-1), s,(M*) =0.

But according to Lemma 1.1.2

J 7 j j
S sk(A7) = s M+ 0) < s (M) + 3 si(C7).
k=1 k=1 k=1 k=1
So _
J
Sose(A) <Op+j (G=1,.n—1)
k=1
and

n

Zsk(A:L) <0p—+n-—1.
k=1

Now (1.3) and (3.3) yield (3.1) and (3.2).
The theorem is proved. Q. E. D.

Since the zeros of P are enumerated in the decreasing order, from Theorem
4.3.1 it follows that

iz (P) <0(P)+j (j=1,...n).
Therefore, P has in the circle

o(P)

{zeC:|z| <1+ }(G<n)

no more than n— j+ 1 zeros. Recall that the counting function vp(r) denotes
the number of the zeros of P in |z| < r. We thus get
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Corollary 4.3.2 The counting function vp(r) of the zeros of P satisfies the
inequality
vp(r)<n—j+1 (j=1,2,...,n)

for any

7‘§1+@.
J

4.4 Sums of powers of zeros

In this section, we establish relations for sums of powers of zeros that
supplement the Varing formula.
For any m < n, due to Lemma 1.3.1,

m o__ m
Trace Ay, = Trace A,

where
—C1 —C2 —Cm—-1 —Cm
1 0 0 0
A, = 0 1 0 0
0 0 1 0
We thus get

Theorem 4.4.1 Let P(\) be defined by (1.1). Then for any m < n the
equality

Z 2 (P) = Trace A
k=1

1s valid.

In particular, from the previous theorem, it follows that
n
Zz,%(P) = -2, (n>2)
k=1

and

Zz,‘z’(P) = —c} 4+ 3cica — 3c3 (n > 3).
k=1
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4.5 The Ostrowski type inequalities

Consider the polynomial
FO) =" axd¥ (an #0,a0 #0) (5.1)
k=0

with complex coefficients. Again zi(f),k = 1,2,...,n are the zeros of f with
multiplicities taken into account, and

ak(f) = Re z(f), wi(f) = Im z(f).
A. M. Ostrowski has established the following inequalities

n

1 29
DI INESAL S
kzlwk;(f) ap

and

(see [Milovanovié et al., 1994, p. 113]). In the next section, we prove the
following result.

Theorem 4.5.1 The inequalities

n 2
> Re 117 20200 (5.2)
1 oz (f) ap
and N )
P e L ki (5.3)
= wilf) ay
are true.

In some cases Theorem 4.5.1, improves Ostrowski’s type inequalities. Indeed,
consider the polynomial

FO) =1—4X+4X\% = (1 - 2))2
Ostrowski’s inequalities give us the relation 8 > —64. At the same time,

Theorem 4.5.1 yields the equality 8 = 8. Combining Ostrowski’s inequalities
with Theorem 4.5.1, we can write out the inequalities

1 22 2 —a?
Z > max {Re il 4240 ,8Re a2a02 it }
ap

and

n

1 2 —a? a? — 2asa
Z > max {Re 420 a178Re ! 2 0}.
g ap
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4.6 Proof of Theorem 4.5.1
For simplicity, put
ok (f) = o and wi(f) = w.
Let P()\) be defined by (1.1). Clearly,
agP(\) = A" f(1/)), ¢ = ax/ao.

1/2k(f). P is the characteristic polynomial of the matrix A,
2) and (1.3) holds. Hence,

So zi(P) =
defined by (1.

Z 22(P) = Trace A2 = ¢? — 2c,.

Thus,

Moreover

- 1 _ - zi(f) _ < Oék—w,%—Qiakwk
2P T = @

This and (6.1) imply

a 2a9 oy —w
Re (L - =) = k Tk 6.2
(a(% ag ) Pt (af +w})? (6.2)
and
i 20w ((11 2az )
k=1 (af +wp)? ag  ao
From (6.2), it follows
2 n 2 n
ai  2as o, 1
Re(a- ) S e s 2w
0 0 k=1 k k k=1 k
So (5.2) is proved. In addition, (6.2) implies
a2 a5 n n
_Re (2L 222 =
¢ <a(2) ao ) Z ( + wk Z

k=1 1

So (5.3) is proved. As claimed. Q. E. D.

© 2010 by Taylor and Francis Group, LLC



4.7. Higher powers of real parts of zeros 101

4.7 Higher powers of real parts of zeros

In this section, we particularly generalize the results proved in the previous
section. Recall that matrix A, is introduced by (1.2) and P is defined by (1.1).
Put ai(P) = Re z,(P).

Lemma 4.7.1 For any positive integer m, such that 2™ < n, we have
n
Z 2" (P) > Re Trace A3,..
k=1

Proof: Let z=a+ b, a,b € R. Let us check that
Re 22" <a?". (7.1)

Indeed
’ om 2M 2™ 2 2\2m "L 2™ig
22 =1z" e = (a” +b%) es

where ¢ is the argument of z. Hence
Re 2?" = (a®> + 62)27”71005 (2™o).

So we should prove that

m

(a2 +b2)2" " cos (2m) < (a® + %)% cos®" ().

Or that
cos (2"¢) < cos®” (o). (7.2)

Take m = 1. Then
cos (20) = cos® (¢) — sin® (¢) < cos? (¢).

So in this case (7.2) is valid. Assuming that (7.2) is correct for any m, let us
prove that
m+1
cos (2™ p) < cos? B (¢). (7.3)

But
cos (2m+1¢) = cos® (2m¢) — sin? (2™m¢) < (cos 2m¢))2.

This proves inequality (7.3) and therefore inequality (7.1). Furthermore, we
have by Theorem 1.3.1 and (1.3),
n
Z 22" (P) = Trace A%..
k=1

Hence, because of (7.1), we get the required result. Q. E. D.
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4.8 The Gerschgorin type sets for polynomials

Let us apply theorems from Sections 1.11 - 1.13 to the n x n-matrix A,
defined by (1.2) and thus obtain some results on the location of the zeros of the
polynomial given by P(z) = 2" +c¢12" "t +...+¢,, since P is the characteristic
polynomial of A,,.

From Theorem 1.11.1 thus follows our next result.

Corollary 4.8.1 The zeros of the polynomial P lie in the union of the disks

n
Al ral <3l
k=2

From Theorem 1.13.1, we get
Corollary 4.8.2 If

n
e > 14> Jexl,
k=2

then one and only one zero of P lies in the disk

n
24l <D lel.
k=2

Moreover, Theorem 1.12.1 implies

Corollary 4.8.3 Let ¢, # 0 for at least one k = 2,...,n. Then any zero z(P)
of P either satisfies the inequality |z(P)| <1, or

|22(P) + c12(P) + ea| = [2(P) = 11]|2(P) = 12| < ps(P),

where

ps(P) = el
k=3

[ 2

C1 (&1
= —— %14/ — —cCo.
1,2 B) 1 Co

and

4.9 Perturbations of polynomials

For a finite integer n > 2, let us consider the polynomials

PO =) A" Fand Q) = bA"F (o =by=1; A€ C). (9.1)
k=0 k=0
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Denote

varp(Q) = mjaxmkin |21 (P) — 2;(Q)]-

We will call varp(Q) the variation of the zeros of Q with respect to the zeros
of P.
Recall that

n
T(P)=n—-1+ Z e,
k=1

Put

n

and

Thanks to Theorem 4.4.1

k=1
Since
S lak(P)? =12 (P,
k=1 k=1
we get
90(P) < g2(P) < \/7(P), (9:2)
where

92(P) = [r(P) — ¢} — 2¢c[]/%.

Everywhere below one can replace go(P) by the simple calculated quantity

Theorem 4.9.1 For any zero z(Q) of Q, there is a zero z(P) of P, such that
|2(P) = 2(Q)] < y(P, qn),

where y(P, qy,) is the unique positive (simple) root of the algebraic equation

an 1 95 (P) . y(n-1)/2
1=p 14 0 . .
L =] 9.3)

That is, varp(Q) < y(P, qy,).

This theorem is proved in the next section.
The previous theorem implies
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Corollary 4.9.2 All the zeros of Q lie in the union of the sets

n 1 95(P) (n—1)/2
1 1 >1
a2
(k=1,..,n).
Note that the sets pointed in this corollary include the case zx(P) = z;(Q)

for some k.
Put in (9.3)

{)\GC:

Then, we have the equation

. 1 1 e
1= 14— (1+4) "V

xgo(P) n—1 x?
Denote 9 1
o —1n/2 _h (n—1)/2
vy = (14 ﬁ](" 72 = [ﬁ]
and
dnUn lf dnUn 2 QO(P),

o(P n) = n , .
( 4 ) { g(l) Y (P)[ann]l/n if qnVn < gO(P)

Because of Lemma 1.6.1, we easily get the inequality
Y(P.qn) < 5(P,qn).

Now Theorem 4.9.1 yields

Corollary 4.9.3 The inequality varp(Q) < 6(P,qy) is true.

Recall that

) 1 [2r .
P = (gr [ PG Par?
T Jo

and due to the Parseval equality,

Z\Ck\2 |P(e™)[72

and
Z|ck = bil? = [P(e") = Q(e™)[2a.

Thus, according to (9.2)7
9o(P) < [n =2+ |P(e")[72 — ] —2¢2])/?

< [n—2—|—‘mlax|P( 2 = |2 — 205
z|=1
In addition,

qn < |gll%glP(Z) - Q(2)|
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4.10. Proof of Theorem 4.9.1 105

4.10 Proof of Theorem 4.9.1

In a Euclidean space C™ with the Euclidean norm ||.||, introduce the op-
erators (matrices) A, defined by (1.2) and

—by —by ... —byp_1 —by
1 0o .. 0 0
B, = 0 1 .. 0 0
0 0 .. 1 0

So
P(\) = det (\I — A,) and Q(\) = det (IA— By) (A € C),

where [ is the unit matrix. Hence,
Me(An) = 26(P), \e(Bn) = 2(Q), (10.1)

where Ag(.) (k =1,...,n) are the eigenvalues with their multiplicities. More-

over,
qn = || An — Byl

Recall that for an n x n-matrix A,
g(A) = (N3(A) = > (A2
k=1

(see Section 1.5). Because of the Lemma 1.7.3, for any A;(B,), there is a
Ak(Ay), such that
[Ak(An) = Ae(Bn)l < y(gn), (10.2)

where y(g,,) is the unique positive (simple) zero of equation

92(An)) ]("—1)/2 -1

s

Yy n—1 Yy

Take into account that
n
Ni(A,) = Z x> +n—1
k=1
and thus

9(An) = go(P). (10.3)
This equality, (10.1) and (10.2) prove the required result. Q. E. D.
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4.11 Preservation of multiplicities

Again consider the polynomials P and @ defined by (9.1). Let z,,(P) be
a fixed zero of P of a multiplicity p,,. Denote

2 (P) = 2m (P)]/2.

min
2k (P)#2m (P)

Recall that
Qb,r)={beC:lz-b <r}

for a b € C and a positive r, and go(P) and g, are defined in the Section 4.9.

Theorem 4.11.1 Let a zero z,,(P) of P have a multiplicity fi,,. In addition,
for a positive r < B, let

1 2(P) 1 (n
q7”[1+n_1(1+%)](" AR (11.1)

Then Q has in disk Q(z,(P),r) zeros whose total multiplicity is also equal to
fim.-

Proof: Again, we use the matrices A,, and B,, introduced in Sections 4.1 and
4.10 . Besides, (10.1) holds. As is it was shown in Section 4.10, g(4,,) = go(P)
and ¢, = |4, — Bp||- Now the required result is due to Corollary 1.8.3.

Q. E. D.

Since the left-hand part of (11.1) decreases in 7 > 0, from the previous
theorem, we easily have

Corollary 4.11.2 Let a zero z,(P) of P have a multiplicity iy, . In addition,
let the unique positive zero y(P,qy,) of the equation

1 _
v =any[1+ — (17 + 65(P))] e (11.2)

satisfy the inequality y(P, qn) < Bm. Then Q has in disk Q(zm(P),y(P, ¢x))
zeros whose total multiplicity is also equal to fiy,.

Let §(P, q,,) be defined as in Section 4.9. As it was above shown,

Y(P,qn) < (P, qn).
Now the previous corollary yields

Corollary 4.11.3 Let a zero zy,(P) of P have a multiplicity iy, . In addition,
let

0(P,qn) < Bm-
Then Q has in disk Q(zm (P), (P, ¢q,)) zeros whose total multiplicity is also
equal to .
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4.12 Distances between zeros and critical points

Let N
P(z) = chz"_k (co=1).
k=0
Clearly,
n—1
P(z) = Z(n —k)epz" kL
k=0

06 = 2P = 15 pgeen
k=0

3

Then the nonzero roots of @ and of P’ coincide with their multiplicities. If
P’ has at the origin a zero of a multiplicity ng, then @ has at the origin the
zero of the multiplicity ng + 1.

In the considered case ¢, = qp, where

- [ Z(nfk B 1)2|c 1/2 Zk2|c | 1/2

n
k=1

Define go(P) and v, as in Section 4.9. Thanks to Corollary 4.9.3, we get

Corollary 4.12.1 For any nonzero root z(P') of P’, there is a root z(P) of
P, such that

where )
qpUn if gpvn > go(P)

o ar) = { 90 " (P)lapval/"if apvn < go(P)

Moreover, thanks to Corollary 4.9.2, all the nonzero roots of P’ lie in the
union of the sets

1 % P n—1
{rec: |Zk(1§1)3— Al [1+n -1 (1+|Zk(gP§ _)A|2) ]( = 1} (k=1,..n).

This result supplements the Gauss-Lukas theorem.
Clearly, the results of Section 4.9 enable us to establish location of the
zeros of P if we know the zeros of P'.
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108 4. Polynomials

4.13 Partial sums of imaginary parts of zeros

Again consider the polynomial

= Zc;ﬁ)\”fk (n>3).

k=0
Let the zeros zx(P) of P with their multiplicities be ordered in the following

way:
[Im 2z (P)| > |[Im zx+1(P)].

Put

n

P) _ Z 1/2

k=3

1
vy = §(|al Imec; + \/\Im al? 4+ 11+ e)? ),

1
vy 1= §(|O'1 Imer —+/[Imei]2+[1+cl?]), v =0 (k>3),
where 0y = +1if Imcy > 0and oy = —1if Im ¢, < 0.

Lemma 4.13.1 The zeros of P satisfy the inequalities

Z\Imzk N<i+ 1 +4)n /2—1—2% (j=1,..,n)

k=1

Proof: Recall that

where A\p(A4) (kK = 1,...,n) mean the eigenvalues with their multiplicities of
the n x n-matrix A,, defined by (1.2). Denote Im A, = (A, — A})/2i. The
asterisk means the adjointness. Because of Lemma 1.1.4

J

Z|Im)\k <Y sk(Im Ay) (G=1,...n). (13.2)

k=1

Obviously, Im A, = B+ (C — C*)/2i + (D — D*)/2i, where B, C and D are
the following n X n-matrices:

—Imc i(ce+1)/2 0 .. 0 0
—i(Ey +1)/2 0 0 .. 00

B = 0 0 0 .. 0 0],
0 0 0 0 0
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0 0 O 0 0
88753“"5” 000 .. 00
C= andD=] 0 1 0 ... 0 0
0 0 0 0 00 0 10
Obviously,
2(P) 0 0 0
0 00 .. 0
cC* = 0 00 ... 0
0 0 0 0
and
00 0 .. 00O
00 0 .. 0O
DD* = 0o 01 .. 00
0o 0 0 .. 01

Since the diagonal entries of diagonal matrices are the eigenvalues, we can
write out s1(C*) = ny(P), sx(C*) = 0 (k = 2,...,n). Besides, s;(C) <
51(C*) = ||C*|| = nyp(P) (k=1,....,n), and s;(B) = vi. In addition,

sp(D)=1 (k=1,...,n—2), s,_1(D) =s,(D) =0,
and si(D) = s, (D*). Take into account that
J J
D siIm A,) =D su(B+(C—C*)/2i + (D — D*)/2i)
k=1

k=1

<Y sk(B) + 51(C)/2 + 51(C*) /2 + s1(D)

(see Lemma 1.1.2). So

J J
Zsk(fm Ap) < nw/Z—i—jnw/Z—l—j—l—ka (j=1,..,n).
k=1 k=1

This proves the lemma. Q. E. D.

Furthermore, put

1 n
m(P) = [Im c1| + §(|1+02\ +kz_3|ck|)-

Take into account that

[Im z;(P)| < m3x|>\k(fm A =rs(Im A,) (j=1,...,n).

Because of Lemma 1.1.3 this implies
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Lemma 4.13.2 The inequality

max [Im z;(P)| < max {n:(P), (|1+02|+1) 1+  max 2 }
J el

s true.

4.14 Functions holomorphic on a circle

Consider the function

A=Y aX AeC =1 (14.1)
k=0

holomorphic on a circle |z| < R,1 < R < o0. So

— 1
limy oo ¥/ |ck] < = <1

and therefore
o0

Z 1/2

k=1

Everywhere in this section {z;(f)},_, is the set of all the zeros of f lying
in |z| < R, taken with their multiplicities and enumerated in the increasing
order:

|l2i(f)

Put

1 27 )
|f|%2 = [%/0 ‘f(el(9)|2ds] 1/2.

According to the Parseval equality, we have

02(f) = |fffe — 1 < max ()2~ 1.

Theorem 4.14.1 Let the function f defined by (14.1) be holomorphic on
|z < R,1 < R < 0. Then the roots of f satisfy the inequalities

|
,;Pkf

<O0(f)+5 (G=1,...,0).
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Proof: Consider the polynomial
fa(z)=14cz+ ... +¢,2" (3<n < 0)

with the zeros z(f,) ordered in the increasing way. Let

n

P(z) = Z ez k.

k=0

We have

T =P (14.2)

Now Theorem 4.3.1 yields

J
1
[+ 0p <G+HOf) (G =1,...,0).
;\zkmn SJ+Op<g+0() [ )

So for any fixed natural j <[, by the Hurwitz theorem, we obtain

J

1 |
2l 2 n

k=1 k=1

as n — oo. This implies the required result. Q. E. D.
Now enumerate zx(f) (|zr| < R) in the following way:

[Im

| > |Im . (14.3)

b b
Zk(f) Zk+1(f)

Put

() =Y lexl? ],
k=3

1
vy = 5(|(J’1 Im C1 + \/\Im C1 2 + |1 +CQ|2 |)7

1
Vg 1= §(|01 Imcy — \/|Im alP+14el?]), ve=0 (k>3),
where oy = +1if Ime¢; >0and o = -1 if Im ¢y <O.

Theorem 4.14.2 Let the function f defined by (14.1) be holomorphic on the
circle |z| < R,1 < R < oo. Then the zeros of f lying in that circle satisfy the
inequalities

J J
> m ﬁ\ <GHA+mP)/24 Y v+ (G =1,2,...,1),
k=1 k=1

where 1y is the number of the nonreal roots of f in the circle |z| < R.
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The proof of this theorem is the same as the proof of the previous theorem
with Theorem 4.13.1 instead of Theorem 4.3.1.
Furthermore, put

01(f) = lexl
k=1

and
1 oo
m(f) = Imer + 5 (L4 e + Y lex]).
k=3
Taking into account (14.2), by the Hurwitz theorem and Lemmas 4.1.2 and

4.13.2, we have our next result.

Corollary 4.14.3 Let the function f defined by (14.1) be holomorphic on
|z2| < R,1 < R < 0. Then the inequalities

1
inf |z; > -
RO e
and .
inf |z; > - 000
inf 2,0 2 e
hold. In addition,
sup I ——| < max {m (/). 211+l + 1,14 max %)
P z(f) ni ? T h=sa, 2

4.15 Comments to Chapter 4

Section 4.1 contains the classical results on the zeros of polynomials. Sec-
tions 4.2 - 4.7 represent the results from the paper [Gil’, 2007a]. Corollaries
4.8.1 and 4.8.2 are taken from the book [Marden, 1985]. Corollary 4.8.3 is
probably new. The material of Sections 4.9 - 4.13 is adopted from [Gil’,
2000c]. Theorems 4.14.1 and 4.14.2 are probably new.

About the recent very interesting results on the zeros of polynomials, see
[Alzer, 2001], [Borwein and Erdelyi, 1995], [Chanane, 2003], [Dyakonov, 2000],
[Schmieder and Szynal, 2002].
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This is one of the main chapters of the book. Let f be an entire function whose
zeros z1(f), z2(f), ... are taken with their multiplicities and enumerated in the
increasing order. If f has [ < oo finite zeros, we put

1
2e(f)

In this chapter, estimates for the sums

=0 (k=1+1,14+2,..).

are derived. These estimates enable us to obtain inequalities for the counting
function of the zeros of f, which supplement the Jensen inequality. We also
establish relations between the series

NP S T
Sm(f) .f;%n(f)( > p(f))

and the trace of some finite matrix. Here p(f) is the order of f.

113
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114 5. Bounds for Zeros of Entire Functions

5.1 Partial sums of zeros
Consider the entire function
FO)=14> aXt (Ae0), (1.1)
k=1
where ¢, are complex numbers. Let
Y1 =1and Y, k=2,3,...
be positive numbers having the following property: the sequence

(]
pi1

is nonincreasing and tends to zero. So

my = 17 mj = (] = 2,3,)

J
vi= [ G=1.2..).
k=1

Put o
ar=—, k=1,2,....
SR
Then -
FO) =1+ aredf (A€ Q). (1.2)
k=1

We will call (1.2) the v-representation of f.
Assume that

aw(f) = Hkﬁw \k/ \ak| = Hk—m)o ‘k} 57];' < 1. (13)

‘We have
|| < const ¢y and Y1 /Y = mpy1 — 0.

So f is really an entire function. For instance, the function

> ak)\]“
fN =3 (a0 =1)
k=0

has the form (1.2) with my = 1/k (k = 1,2,...). More general, the finite
order function

F) =3 (@ =1.7>0
k=0 ‘"""
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can also be written as (1.2) with m, = 1/k7 (k=1,2,...).
Now let us consider the function

PR Ak
AN)=1+2 - 14
f) +2+kz::22kznk(1+k) (14)
Take
ar, = 1/28 by = 1/(In* (1 + k) (k=2,3,...).
Then for k > 1,
my, = "7k /(In* (1+ k) — 0,k — 0.

Clearly, the function defined by (1.4) is of infinite order. Under condition
(1.3), the series

6u(f) = [Zm 2] 1/2 Z |Ck| 1/2.

k=1
Theorem 5.1.1 Let f be represented by (1.2) and condition (1.3) hold. Then

J

D

k=1

< 0y (f) + ka+1 (1.5)

This theorem is proved in the next section.
Furthermore, from (1.5) we get the following result.

Corollary 5.1.2 Let f be represented by (1.2) and condition (1.3) hold. Let
¢(t) (0 <t < o0)
be a continuous convez scalar-valued function, such that ¢(0) = 0. Then
J J
D d(z(HIT) < d0p(f) +ma) + > dlmiyr) (G=2,3,...).  (1.6)
k=1 k=2
In particular, for any p > 1 and j = 2,3, ...,
J 1 J
1;1 =P < (Oy(f) +ma)? + kZ:Qmﬁﬂ-

Indeed, this result is due to Lemma 1.2.1 and Theorem 5.1.1. Moreover, the
previous corollary implies

Corollary 5.1.3 Let f be defined by (1.2) and condition (1.8) hold. Then

Sp(f) < (Op(f) +ma)? + Y mi,, (p21), (1.7)

k=2
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116 5. Bounds for Zeros of Entire Functions

provided the series

.- s

p k+1
DM = Z
k=1

COMVETgES.

Furthermore, thanks to Lemma 1.2.2 and Theorem 5.1.1, we arrive at our
next result.

Corollary 5.1.4 Let f be defined by (1.2) and condition (1.3) hold. In ad-
dition, let a scalar-valued function ®(tq,12,...,t;) with an integer j be defined
on the domain

OStj Stj—l-u <ty <t <0 (18)

and satisfy the condition

0P od od
- — — >0 t t o>t > 0. 1.9
T T >8t> forty >ty > .. >t; > (1.9)

Then

1 1 1
U = B

In particular, let {d}72 ; be a decreasing sequence of positive numbers with
dy = 1. Then the previous corollary yields the inequality

g
kz::l 2 (f)

Recall that v;(r) denotes the counting function of the zeros of function f.
Since |z;(f)| < |#zj+1(f)], because of (1.7),

< (D(Gw(f) + mg, ms, ...7mj+1).

j
| < Oy(f) + demk+1 (j=1,2,...).
k=1

j
—2— < Oy ( E m =1,2,.
1z ()] wlf b (0= )

So [2;(f)| > w;(f), where
‘ J
S het Mgt + 0y (f)

Consequently, f has in the circle |z| < w; no more than j — 1 zeros. We thus
get

w;(f) = (G=1,2,..).

Corollary 5.1.5 Let f be defined by (1.2). Then, under condition (1.8), the
inequality vy (r) < j —1 is valid for any r < w;(f).
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5.2 Proof of Theorem 5.1.1

For an integer n > 1, let us consider the polynomial

PO) = X"+ aphpA"F, (2.1)
k=1

where 1), are the same as in the previous section. Enumerate the zeros of P
in the descending order. Denote

0,(P) == [ 3 lanl] .
k=1

Introduce the n x n-matrix

—a; —a2 ... —Qp-1 —Qn
ma 0o .. 0 0
Ap=1 0 my 0 0 (2.2)
0 0 my, 0

Lemma 5.2.1 Let P be defined by (2.1). Then
Ae(An) = z(P) (k=1,...,n). (2.3)

Proof: Clearly, P is the characteristic polynomial of the matrix

—ax —CL2Z/)2 —CL7L,1¢TL,1 _and)n
1 0 0 0
B = 0 1 0 0
0 0 1 0

Let u be an eigenvalue of B:
—a1T1 — A2Ya%e — ... — A 1Pp_1Tn—1 — ApPpTn = U1,
xp = pxps1 (k=1,...,n—1) for the eigenvector (zx)p_, € C™.
Put z = yx/vr. Then
—a1Y1 — a2Y2... — Gp-1Yn—-1 — Anl¥Yn = UY1

and

Io I (=1, 1).

(o kaﬂ
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Yk Pk
ME+1Yk = ¢k+1 =pyr+1 (k=1,...,n—1).

These equalities are equivalent to the equality A,y = py with y = (yx). This
proves the lemma. Q. E. D.

Lemma 5.2.2 The zeros of the polynomial P defined by (2.1) satisfy the
inequalities

J

Z|Zk( )| < 6y (P +ka+1 Gj=1,.,n-1) (2.4)

k=1

and

lek )| < 04(P +ka+1 (2.5)

Proof: Because of Lemma 1.1.1,

J J
DI <D w47 (= 1,m), (2.6)
k=1 k=1

where si(Af),k = 1,2,... are the singular numbers of A ordered in the

decreasing way. But A, = M + C, where

—ay —az —az ... —0ap
C = 0 0 0 0
0 0 0 0
and
0 0 0 . 0 0
mo 0 0 0 0
M = 0 ms 0 0 0
0 0 0 .. my O

CC* and M M* are diagonal matrices. Consequently, their diagonal entries
are the eigenvalues. So

51(C*) = 0y(P), sx(C*)=0 (k=2,..,n),s,(M*) =mpy1 (k=1,...,n—1),

and s,(M*) = 0. Take into account that by Lemma 1.1.2,
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So

J

Zsk <9¢, +ka+1 _]—1 )

k=1
Now (2.3) and (2.6) yield (2.4). To prove inequality (2.5) take into account
that s, (M) =0. Q. E. D.

Proof of Theorem 5.1.1: Consider the polynomial

FaQ) =14 arhph®,

k=1

Clearly, A" f,,(1/X) = P(X). So zx(P) = 1/zk(fn). Taking into account that
the roots continuously depend on coefficients, have the required result, letting
in the previous lemma n — oco. Q. E. D.

5.3 Functions represented in the root-factorial form

Consider the function defined by (1.2) with

v = s (1€ 0.).

(k!
The case v = 1 is considered in Chapter 8. That is, under consideration,
ap = Cp (k")ﬁf

and

ak
fo) = Z % (A€ C, ap=1). (3.1)
k:o
We will call (3.1) the root-factorial representation of f.
Assume that

as (f) = Tim /g (K1) = Tim {/Jax] < 1. (3.2)

Since ay, depends on the choice of v, ay(f) in (8.2) also depends on 7.

Relations (3.1) and (3.2), and the Hélder inequality imply that function
f has order p(f) < 1/v. Moreover, for any function f with f(0) = 1, whose
order is p(f) < oo, we can take v > 1/p(f), such that representation (3.1)
holds with condition (3.2).
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Under (3.1) and (3.2), we have 6, (f) = 0+(f), where
1 2 > 1/2
0(f): Z|Ck (k2] =[>_ laxl’] 2.
k=1

Enumerate the zeros of f in the increasing way: |zi(f)| < |zk+1(f)| (k =
1,2,..).

Theorem 5.3.1 Let f be defined by (5.1) and condition (3.2) hold. Then

o

k=1

J 1 '
f)+;m (G=1,2..).

Proof: The required result is due to Theorem 5.1.1 with 1, = 1/(k!)7.
Q. E.D.

Since |zk(f)| < |zk+1(f)|, the previous theorem implies

. J
7 1
<0,(f)+ —_—,
Lo <P Gy
and therefore
J
0,(F) + 39— (k+1)v

1% (N> 2 (G =1,2.).

But

d dr  (14+4)7 -1
Z(k—kl)"g/ 7:% (0<vy<1).
k=1 1 7T Y

We thus, we get

Corollary 5.3.2 Let f be defined by (5.1) with v € (0,1) and condition (5.2)
hold. Then with the notation

jd-9)
L(HA =)+ A+ =1

the inequality |z;(f)| > v;(f) holds and thus v¢(r) < j—1 for any
r<uvi(f) (G=12,..)

In addition, Corollaries 5.1.2 and 5.1.3 with the notations

vi(f) =3

1 1
¥ =0,(f) + o= and U

27 = W (k = 2,3, ),

imply the following result.
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Corollary 5.3.3 Under (3.1) and (5.2), let ¢(t) (0 <t < 00) be a continuous
convex scalar-valued function, such that ¢$(0) = 0. Then

S oz <Y b)) (G=1,2,...).

k=1 k=1

In particular, for anyp >1 and j = 2,3, ...,

J 1 J
—_— 9P = (04(
> < o= G0+ 2+
Moreover,

S() < (O3(1) + )"+ Cm) = 55— 1,

where ((.) is the Riemann zeta function, provided, yp > 1.
Furthermore, by Corollary 5.1.4, we arrive at the following result: let

a scalar-valued function ®(t1,%s,...,t;) with an integer j be defined on the
domain (1.8) and satisfy condition (1.9). Then

1 1 1
[ 22(H1 7 12 ()]

In particular, let {d;}?°, be a decreasing sequence of positive numbers with
d; = 1. Then the previous corollary yields the inequality

(I)( ) <‘I)(191,192,...,19j).

J J

d
E <0,(f)+ E =1,2,..),
2 [ ()] 2 k+1 )

provided the relations (3.1) and (3.2) are fulfilled.

5.4 Functions represented in the Mittag-Lefller form
Consider the function defined by (1.1). Take

1

%= T k)

(k>1,p>1), =1
and
ar =cxl'(1+k/p),k>1,a9 =1

where I'(.) is the Euler gamma function. Rewrite (1.1) as

;‘) @ + k/p (4.1)
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We will call (4.1) the Mittag-Leffler representation of f.
Recall that the Mittag-Leffler function E, of index p > 0 is the entire

function
k

B2 = 2 ST iy

It is easy to see that F(z) = e*.
Assume that

lim {/|ax| = lim {/|ex[T(1 + k/p) < 1. (4.2)

Theorem 5.1.13 from [Berenstein and Gay, 1995, p. 310] asserts that the
function f defined by (4.1) under condition (4.2) is of order p and finite type,
provided p is integer.

Under consideration, we have 6, (f) = 6(p, f), where

— [les |12 OOC 21/2:L Ooagl/2
0(p, ) == [e1] +k§::2\ (1 +k/p))?] [FZOH//’)JF,CZ:Q‘ 2]

Note that, we should take ¢; = 1 but I'(1 +1/p) # 1.

Denote 1
=0, f) + ——~
B (P f) F(l T %)
and (14 k/p)
+r/p
P S AT A X
T ha R
Below in this section, we will show that
Bi < kpi P (j=2,3,..), (4.3)
where 1 1
.— pl/p
Kp:=p/Pexp |-+ —|.
. [p 2(1+ p)}

Theorem 5.4.1 Under condition (4.2), the zeros of the function f defined
by (4.1) satisfy the inequalities

i ; -
; |2 ()] < kz::lﬁk (1=1,2,..).

Proof: Taking ¢, = 1/T'(14+k/p), k > 1;91 = 1, we have my41 = B, k > 1.
Hence, thanks to Theorem 5.1.1, we arrive at the required result. Q. E. D.

Proof of inequality (4.3): By the well-known formula (6.1.13) from
the book [Ram Murty, 2001, p. 341], we have

—u+1/2

InT(z) = (= — 1/2) ln(z)—z+C’+/Ooo ] T
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where [u] is the integer part of u > 0 and C' = const > 0. Hence,

InT(14+2)=InT(z)+Inz=(2+1/2)In(2) — 2
° - 1/2
0 u+14z
Consequently,

In B = In r(1+§) —In r(1+@)
(k/p+1/2) In(k/p) — ((k+1)/p+1/2) In((L+k)/p) +1/p+J

where

1 1

- du.
ut1+k/p u+1+(k+1)/p] Y

J = /()‘00([”] —u+1/2)]

Since [u] —u < 0,u > 0, we obtain

1 1

J< L 1

1 1

T 2(1+k/p) 20k +p)

So for k > 1, we get

1 1

We thus arrive at the inequality

1
Be < pPexp [~ + :
[p 2(1+p)]

As claimed. Q. E. D.

From (4.3), it follows that

B <wE> kv < BC(p/p) — 1] < oo,
2 k=2

K

e
/|

provided p > p.
Now Corollaries 5.1.2 and 5.1.3 imply

*mé wwmm+w+wm“§%A CESERTPE

123

Corollary 5.4.2 Let the function f be defined by (4.1) under condition (4.2).
In addition, let ¢(t) (0 <t < 00) be a continuous convex scalar-valued func-

tion, such that $(0) = 0. Then
J J
D oz(HIT) <D b(Br) (G=1,3,...).

k=1 k=1
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124 5. Bounds for Zeros of Entire Functions

In particular, for anyp > 1 and j = 2,3, ...,

Moreover,

[e o]
Sp(f) <Y B < BY + wB[C(p/p) = 1],
k=1
provided p > p.
Corollary 5.1.4 with ¢ = 1/T(1 + £) is also valid.
Because of Theorem 5.4.1,
_J
Zi:1 /glc

Thus, f has in |z| < @; no more than j — 1 zeros. In other words,

|z; (f)] > wj, where w;(f) := (1=1,2,..).

ve(r) <j—1 (r < wy).

5.5 An additional bound for the series of absolute values
of zeros

In this section, we consider an additional approach allowing us to estimate
Sp(f). For the brevity, we restrict ourselves by the root-factorial represen-
tation although our reasonings are valid if a function is represented in the
-form or in the Mittag-Leffler form.

Again consider the entire function

o k
=3 ?’“’\7 0,1), A€ C, ag = 1) (5.1)
k=0

with complex, in general, coefficients satisfying the condition

(f) :=Tm/Jax| < 1. (5.2)

Theorem 5.5.1 Let f be defined by (5.1) and condition (5.2) hold. Then for
any integer p > 1/~, we have

) < Zm PP ¢y — 1 (5.3)
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where ((.) is the Riemann zeta function and
1 1
p p

This theorem is proved in the next section. In the next section, we also
prove that for any integer p > 1/7,

- 1 /'
< el + —17". (5.4)
puust (k+ 1)

Since v € (0,1), for any integer p > 1/, we have p > 2, and therefore

P, s

p/
Take into account that for all @ > 1 and = > 0, the inequality
(1+2)* <2071 (1 + 2%)

is valid. Then
1

P’ PIP - op—2 p
[lak‘ + (k+ 1)717/] — (|a’k| + (k?-i‘ 1)7;9)'
Now (5.4) implies the inequality
Sp(£) <2072 lal” + C(py) — 1]. (5.5)
k=1
In particular, if v = 17%17 p > 2, then
e p
Sp(f) <2° [Z \ak|p+§(ﬁ) -1].
k=1
Let us assume that under (5.1), the condition
1 < a,(f) = limg—oo v/]ax| < 0o (5.6)

holds, and consider the function

he(N) = f(tD) =Y ar ()" (0 <t <1/a(f)).

k=0

limg o0 v/ [thag|P < 1

Then
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126 5. Bounds for Zeros of Entire Functions

and -
D lant*P < oo (p>=2, 0 <t <1/ay(f)).
k=0
Clearly,
o0 tp
S, (hy) = —— =1tPS .
) = 2 T = )

Now Theorem 5.5.1 implies
Corollary 5.5.2 Let f be defined by (5.1) and condition (5.6) hold. Then
for any integer p > 1/~,

oo

: 1 k_p\P/P _
sp<f>s0<t<lggv(f)tp[(;|t ax[”)"" + ¢y) ~ 1].

Thanks to inequality (5.5) and condition (5.6), we obtain

oo

Z Fagl? + C(py) — 1), (5.7)

k=

Sp(f) <2772

O<t<1/a,y(f) tp

provided f is represented by (5.1) and the condition p > 1/ hold.

Furthermore, put
o0
)= _|Im
k=1

and

’ 1, > '1p/p
)= [Phmal sl s g5t s 3ot
=3

In the next section, we also prove the following theorem.

Theorem 5.5.3 Let f be defined by (5.1) and condition (5.2) hold. Then for
any integer p > 1/v, we have

oo

1. /
PI(F) < mp(f) + [lao + g+ ] + 3 el + o
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5.6. Proofs of Theorems 5.5.1 and 5.5.3 127

5.6 Proofs of Theorems 5.5.1 and 5.5.3

For a constant v > 0, consider the polynomial

~ ak)\"_k
PN =) TRy (ao=1) (6.1)
k=0
and the n x n-matrix
—air —a2 —Qp-1 —0an

& 0 .. 0 0
An(y) = 0 &£ .. 0 0 . (6.2)

0 o .. =X 0

Recall that A\i(An(y)) (kE =1,...,n) are the eigenvalues of A,,(y) with their
multiplicities. Thanks to Lemma 5.2.1, we have

Me(An (7)) = z6(Py) (k=1,...,n). (6.3)
Lemma 5.6.1 Let P, be defined by (6.1). Then

ZWP Z\a )P +Z k+1 — (2<p<o0).  (64)

Proof: By Theorem 2.5.7, for any matrix T = (¢;x)"_,, we have

ST < SIS 1177 (6.5)
If T = A,(7), then

(k <n), and tj; = 0 otherwise.
(6.6)

tlk = —ag (k’ = 17 .‘.7n),tk+1,k = W

Hence,

n

n n— 1
Z ; p/p :[Z‘a |p P/p_i_; T

j=1 k=1

This proves the required result. Q. E. D.

Proof of Theorem 5.5.1: Consider the polynomials P, defined by (6.1)

and )
2 ap
fn :Z(k

k=0
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128 5. Bounds for Zeros of Entire Functions

Clearly, A" f,(1/A) = Py(X). So z(Py) = 1/zi(fn). Take into account that
the zeros continuously depend on the coefﬁc1ents Then, we get the required
result, letting n — oo in the previous lemma. Q. E. D.

To prove inequality (5.4), we need the following result.

Lemma 5.6.2 Let P, (v > 0) be the polynomial defined by (6.1). Then

ST lar(PIP < (laxl” + OV PP (2 < p < o0), (6.7)
k=1 k=1

where
1 .

Jin = ———— (k=1,...,n—1); —0. ,
ﬁkn (k+1)’7 (k yeees T )a ﬁnn 0 (68)

Proof: Since |Ap(T)| = |[A\e(T*)], from (6.5), we get

n

ST DP < ST )7
k=1 j=1

k=1

Hence, according to (6.6),

n

STUS P = ST [Hawl?” + 7,077

k=1 j=1 k=1

This proves the required result. Q. E. D.

Proof of inequality (5.4) is similar to the proof of Theorem 5.5.1 with
Lemma 5.6.2 instead of Lemma 5.6.1.
To prove Theorem 5.5.3, we need the following lemma.

Lemma 5.6.3 Let P, (v > 0) be the polynomial defined by (6.1) with n > 3.
Then for any integer p > 2

n

’ 1 / n / /’
27 | Im 2 (Py)|? < [|2Tm ar|” + |57 + a2l + > lal” )" +
k=1 k=3

1 p/p 2 qp/p
[I oo + o] +;|aklp ol
3

Proof: By the Weyl inequalities (Lemma 1.1.4), for any matrix T’ = (t;1)7 ,_;,

we have
S Im AT < IR(T)IP
k=1 k=1
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5.7. Partial sums of imaginary parts of zeros 129

where Ty = (T — T*)/2i. Hence,

n

2 [ Im A(T)P <> [\e(T = TP

k=1 k=1
According to (6.6),

n

n
ST =T <STIY vinl”] 1P
k=1

j=1 k=1

3

where v = t;, — ti; are the entries of T — T*. That is,

[v11] = 2|Im a1, [via] = [va1| = |az + |, [vi;] = [vj1] = |as], 5 > 3;

27

1

(k+1)7 (2<k <n-—1), and vj, = 0 otherwise.

Vk+1,k = Vk+1,k =

Thus, we obtain
n

n ,
STl
j=1 k=1

’ ]_ ’ n ’ /
= [2Im arl + |5 + ool + Y o]
k=3

1 1 s 1 1 / ,1 /
+[ = p/p Jrz ‘ak|p ]p/p+[‘an|p +n7/}p/p.
k=3

37 RES R

This proves the result. Q. E. D.

Proof of Theorem 5.5.3: Again use the equality z,(Py) = 1/2z(f»)
established in the proof of Theorem 5.5.1. Take into account that the zeros
continuously depend on the coefficients. Then we get the required result, let-
ting n — oo in the previous lemma. Q. E. D.

5.7 Partial sums of imaginary parts of zeros

Let
FO) =14 ae)* (A€ C). (7.1)

k=1

© 2010 by Taylor and Francis Group, LLC



130 5. Bounds for Zeros of Entire Functions

Recall that 91 = 1 and ¥y, k = 2,3, ... are positive numbers, such that the
sequence

my =1, mj = vi (j=23,..)
(
is nonincreasing and tends to zero. Assume that
o0
> lax)* < o0 (7.2)
k=1
and set
= 1/2
ny(f) = [ laxl’] ",
k=3
and

1
V] = §(|0'1 Ima; + \/\Im a1|2 + |m2 +CL2‘2 ‘),

1
vy 1= §(|U1 Imay —/|[Im a1)? + |ma + a|? |), vx =0 (k>3),
where 0y = +1if Ima; > 0and oqy = —1if Ima; < 0.

Theorem 5.7.1 Let f be defined by (7.1) and condition (7.2) hold. Let the
zeros zi(f), k = 1,2,... of f taken with their multiplicities be enumerated in
the decreasing order:

\Im | > [Im |(k=1,2,..).

o,
2k (f) 2e11(f)

Then

S Im sl < (L D)2+ Y s 1) (= 1.2...).

zZ
=1 k =1

( If f hasl < co nonreal zeros, we put

Im

1
=0 fork=14+1,1+42,..).
2 (f) )

To prove this theorem, for an integer n > 3 again consider the polynomial

PO ="+ aphpA" "
k=1

with the zeros zj(P) ordered in the following way:
[Im zi(P)| > |Im zg41(P)] (K =1,...,n—1).

Put

n

ne(P) = [ 3 Jaxl?]"”.

k=3
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Lemma 5.7.2 The zeros of P satisfy the inequalities
J J
D 1m 2 (P) < (L4 §)ng(P)/2+ Y (0k +mis2) (G=1,...,n).

k=1 k=1

Proof: Again use the n X n-matrix A,, defined by (2.2) and relations (2.3).
Let Im A,, = (A, — A%)/2i. Because of Lemma 1.1.4,

se(Im Ayp) (j=1,...,n).

M-

?_
Il

=1

J
> 1Im Ak(An)] <
k=1

Clearly, Im A, = B+ (C — C*)/2i + (D — D*)/2i, where

—Imal i(a2+m2)/2 0 0 0
—i(62+m2)/2 0 0 0 0
B= 0 0 0 0 01,
0 0 0 .. 00
0 0 O 0 O
8 8 _53 _(‘)’" 0 0 0 0 0
C= andD=| 0 m3 0 0 0
00 0 0 0 0 O my, 0
Obviously,
ni(P) 0 0 0
0 0 0 0
cecr = 0 0 0 0
0 0 0 0
and
00 0 .. 0 O
00 0 .. 0 O
DD*=| 0 0 m{ .. 0 O
00 0 .. 0 m?

Since the diagonal entries of diagonal matrices are the eigenvalues, and A;(C'C*)
= s2(C*), where s(.) are singular numbers enumerated in the decreasing way,
we can write out

51(C*) = np(P), sp(C*) =0 (k=2,...,n).

But
sk(C) < |IC|l=s1(C*) (k=1,...,n)
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and si(B) = vg. In addition,
(D) =mpsa (k=1,...n—2), $p_1(D) = s,(D).

and si(D) = s (D*). Take into account that

> skIm Ap) = sp(B+ (C — C*)/2i+ (D — D*)/2i)
k=1 k=1

<3 su(B) + 51(0)/2 + 1(C7)/2 + s1,(D)
k=1

(see Lemma 1.1.2). So
J J
D sk(Im An) < (14 5)np/2+ ) vk +mpya.
k=1

k=1

This proves the lemma. Q. E. D.
Proof of Theorem 5.7.1: Take the polynomial
fnQA) =14 a A+ ..+ Ppa A" (3 <n < 0)

with the zeros z(f,,) ordered in the following way:

|Tm | > [Im (k=1,..,n—1).

1 #,
zk(fn) 2e+1(fn)

Take into account that z,:l( fn) = zk(P). Hence thanks to the Hurwitz theo-
rem, we easily arrive at the required result. Q. E. D.

5.8 Representation of ¢*' in the root-factorial form
Consider the function
> Z
=3 ﬁ 3,...)
k=0
and denote

k) 1/2r
N
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By the Stierling formula, we easily obtain

Yxe — 0, k — oo.

Besides, we can write the considered function in the root-factorial form

kr

2T i Xk~%
<= L o

5.9 The generalized Cauchy theorem for entire functions

Lemma 5.9.1 Consider the entire function

chz (co=1) (9.1)

with complex coefficients cg, k > 1. Suppose that
oo
> lela® < h(z) (x20),
k=1

where h(x) is a monotonically increasing continuous function of an argument
x > 0 with h(0) < 1 and h(co) = co. Let xg be the unique positive root of the
equation h(x) = 1. Then any zero z(f) of [ satisfies the inequality

12(H)] = xo.

Proof: Since ¢y = 1, for any root z(f) of f, we have

> oa () =D ()
k=1 k=1

But

o0

hizo) =1=1) enz"(f)] < ZICkIIz HIF < h(l=(H)D.
k=1

Hence the required result follows, since h(z) monotonically increases on the
positive half-line. Q. E. D.

The next result can be easily derived by Lemma 5.9.1.

Corollary 5.9.2 Let f be defined by (9.1) and

|Ck| < bk (k} = 1,2, )
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Let the function
v(z) =1— Zbkzk
k=1

be entire. Then
. N .
k,mf |z ()| > killng |z (V)|

=1,2,... =1,2,

This corollary can be considered as a generalization of the Cauchy theorem
for polynomials (Theorem 4.1.1).

5.10 The Gerschgorin type domains for entire functions

Theorem 5.10.1 All the zeros of the entire function defined by (9.1) lie in
the union of the sets

1 oo
2 > 1 and |~ + a1 < el
z k=2
Proof: Consider the polynomial
P =Y e\ (co=1;n>2).
k=0

Thanks to Corollary 4.8.1, any zero z(P) of P, either satisfies the inequality
|2(P)| <1, or

2(P) + e <) fenl-
k=2

Now consider the polynomial

n n

FaX) =D et =AY AT = AP(1/N). (10.1)

k=0 k=0

We have z(f,) = 1/z(P). Thus

1 n
v <3 el
EAREEDD
Letting n — oo, by the Hurwitz theorem, we get the required result. Q. E. D.

Furthermore, let us prove the following result.
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Theorem 5.10.2 Let f be the entire function defined by (9.1) and ¢y, # 0 for
at least one k > 2. Then all the zeros of f lie in the union of the sets

el > L and |(; =) (3 = r2)| < pol),

where

and
o0
= lewl.
k=3

Proof: Again consider the polynomial P(A\) = A" +ci A"t +...+¢, (n > 3).
Let ¢ # 0 at for least one k = 2,...,n. Then thanks to Corollary 4.8.3 any
zero z(P) of P, either satisfies the inequality |2(P)| <1, or

22(P) + c12(P) + e2| = [(2(P) — 1) (2(P) = 72)| < p3(P)
where

n
=D lerl
k=3

Now again use the polynomial defined by (10.1). Since z(f,) = 1/z(P), let-
ting n — oo by the Hurwitz theorem, we get the required result. Q. E. D.

Example 5.10.3 Let
21z

f(z) = cos (T)
Then its roots are
3, . .
() = 56 +1/2), 5= 0,£1,%2,...

In this case,
2

2m T
C1 = O,Cg = —T,T’LQ = :t\/ig

By Theorem 5.10.2, either z;(f) > 1, or

1 27r2 2. (2m)?F 22
- = cosh (21/3) — 1 — = < 0.93.
ET g 2o
For the zero z(f) = 2/3 < 1 this gives
2
|7_i|<o93
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5.11 The series of powers of zeros and traces of matrices
Again consider the entire function

oo

FO) =M (c0=1) (11.1)

k=0

with p(f) < co. For an integer m > 2, we will use the m x m-matrix

—C —C2 ... —Cpm-1 —Cpy
1 0o .. 0 0
A= 0 1 .. 0 0
0 0o .. 1 0

If f is a polynomial, then it is assumed that deg f > m. Set

. — 1
D=2y

k=1

Theorem 5.11.1 Let f be defined by (11.1). Then for any integer m > p(f),
the equality
Sm(f) =Trace Ay,

s true.

Proof: With n > m, again consider the polynomial
P =) A" (co=1).
k=0
Because of Theorem 4.4.1,

2zt (P) = Trace AJ.
k=1

Again use the function f,,(\) = co+c1A+...+ e, A™. Besides, z(f,) = 1/2(P).
Then
Sm(fn) = Trace ATr. (11.2)

Because of the Hadamard theorem,

> 1
2 <
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Take into account that the zeros continuously depend on the coefficients. Then
Sm(fn) = Sm(f) as n — oco. We thus get the required result, letting in (11.2)
n — o0o. Q. E. D.

In particular, if p(f) < 1, then by the previous theorem $;(f) = —c;. If
p(f) <2, then
52(f) = & — 2c.
If p(f) < 3, then
33(f) = —c3 + 3cact — 3cs.

Moreover, if p(f) < 1, then

S P
YA ~ B a2 =a

Example 5.11.2 Consider the function f(\) = e*.
Then p(f) = 1. Thanks to Theorem 5.11.1,
3 3

§2(f)=6%—202=0, §5(f)=—1+§—§=0
Example 5.11.3 Consider the function
sin ()
A) = .
Then p(f) =1,¢1 =0,c0 = —%. Because of Theorem 5.11.1,
1

§2(f) = C% — 2C2 = g

But in the considered case
zk(f) =7k (k=41,42,..).

So 0e (2
a(f) = X2

™

where ((.) is the Riemann zeta function. We thus have proved that ((2) = %2.

5.12 Zero-free sets

Again, let ¢; = 1 and ¥, k = 2, ... be positive numbers having the follow-
ing property: the sequence

Y;
Vi1

my = ]., mj; = (] = 2,3,...)
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is nonincreasing and tends to zero, and

F) =1+ apedf (A€ Q). (12.1)
k=1
Besides, e
ay(f) = limy—o0 /]ar] < 1. (12.2)
Denote

Opa(f) = laxl-
k=1

By Lemmas 5.2.1, 1.1.3, and the Hurwitz theorem, we get our next result.
Theorem 5.12.1 Let f be defined by (12.1) and condition (12.2) hold. Then
1

inf |z; >
50| > s
and

1

maxg=12, .. (|lag| + Mpt1)

inf |z;(f)] =
J

In particular, one can take ¢; = 1/(j!)7.
Furthermore, let f; and fo be arbitrary entire functions and f = fi + fo.
Then we can write out

f(z) = det Ta(z)
where T5(z) is the 2 x 2-matrix defined by

)= (45 ;fzi((?)>

with 3, € [0,1]. By the Gerschgorin theorem, all the zeros of f(z) lie in the
union of the sets

{ze C: AR < Ifa(x)'7}
and
{zeC:fi(x)' < |f2(2)|"}.
Here we take the main branches of the fractional powers.
In particular, one can take & = 3 = 1. Then all the zeros of f(z) lie the
set

{zeC: AR <1} U{z e C:[fa(2)] 2 1}

This relation is obvious.
Furthermore, taking o = 3 = %7 then we can assert that all the zeros of
f(2) lie the set
{zeC:1A(x) < |f2(2)]}-
The last relation is also obvious: for any zero z(f) of f, we have: f1(z(f)) +

fa(2(f)) = 0. Or | f1(z(f)] = [f2(=(f))]-

© 2010 by Taylor and Francis Group, LLC



5.13. Taylor coefficients of some infinite-order entire functions 139

5.13 Taylor coefficients of some infinite-order entire func-
tions

Let us consider the entire function

fz) = e, (13.1)
k=0
assuming that
|f(2)] < exp [Aexp |z|] (A = const >0,z € C). (13.2)

Clearly, to this case can be reduced the function satisfying
|f(2)] < Ceap [Aexp Blz]] (B,C > 0)

if we take f1(z) = f(2)/C and z; = B=.
Again, let My (r) = max),|—, | f(z)|. By the well-known inequality for the
coefficients of a power series

M
eal < M2, (13.3)
T»TL
By (13.2), we have
M;(r) < e®
and thus
eAeT
len| < h(r) = ot

Let us use the usual method for finding extrema. Clearly,

n T n—1
Aer (r Ae” —nr

r2n

R (r)= <e )/:e

So h/(r) = 0 if and only if
rde” —n=0.

Denote by x the unique positive root of this equation. For an n > Ae, we
have x > 1. Hence, Ae® < n, or

<2
z< In —.
- A
Furthermore, since a < e®*~!, a > 0, we obtain
n=xde® < Ae~1e?®,

So
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140 5. Bounds for Zeros of Entire Functions

Hence,

Ae” n
max h(r) = ° < (2¢)

Thus, we arrive at our next result.

Lemma 5.13.1 Let the function f defined by (13.1) satisfy the inequality
(13.2). Then for all n > Ae, the inequality

(20)"
= o

s valid.

Furthermore, note that

© gk
exp [Aexp z] Z e

exp kz = Z o ijzj.
7=0

So the Taylor coefficients of the function exp [Aexp z] equal to

ki Ak
TLEE

Now the previous lemma implies.

Corollary 5.13.2 For all j > Ae, we have the inequality

kAR (2e)
<! .
k! (In [%1)

k=0

Now let us briefly consider the function satisfying the inequality

|f(2)| < exp [exp [exp |2]]] (2 € C). (13.4)
Consequently, '
M¢(r) < e
and thus by (13.3)
‘Cn‘ < U( ) = 7683
Clearly,
er 1

v'(r) =e° o (re® e — nr"h).

The equation v'(r) = 0 is equivalent to the following one:

re¢ e —n=0.
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5.13. Taylor coefficients of some infinite-order entire functions 141

Denote by y the unique positive root of this equation. For an n > et1, we

have y > 1. Hence,
e’ <,

ory <lInlinn. Since (Ina+a) <e* (a>1),wegetina+a<e® (a>1).
Or

a

ae® <e® (a>1).

So

n=yele? < e’ (n>ef)

and therefore

Inn
>
y=in (=)
Thus,
(r) 1 _ev < e’
maxv(r) = — —_—
N YT

We now arrive at the following result.

Lemma 5.13.3 Let the function f defined by (13.1) satisfy condition (15.4).
Then for all n > e, the inequality

en

[tn B2

len| <

s valid.

Furthermore, we have

| 1l
k=0 k=0 it =0 I
o0 [e o] y o0
1 i szm
S IED P ek
k=0 " j=0 7" m=0
So the Taylor coefficients of the considered function are

Now the previous lemma implies.
Corollary 5.13.4 For all m > e®t1, we have the inequality
kL = [in mm

k=0 j=0 n
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142 5. Bounds for Zeros of Entire Functions

5.14 Comments to Chapter 5

Chapter 5 is based on the papers [Gil’, 2000b, 2001, 2005a] and [Gil’,
2007a).

The literature on the location of the zeros of analytic functions is very rich.
Of course, we could not survey the whole subject here and refer the reader to
the interesting papers [Abian, 1981], [Bakan and Ruscheweyh, 2002], [Barnard,
Pearce, and Wheeler, 2001], [Buckholtz and Shaw, 1972], [Cardon and de
Gaston, 2005], [Chanane, 2003], [Csordas and Smith, 2000], [Dewan and Govil,
1990], [Ganelius, 1953], [Hanson, 1985], [Ioakimidis, 1988], [Ioakimidis and
Anastasselou, 1985], and [Zheng and Yang, 1995], and references therein.
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Let f and h be finite-order entire functions. In this chapter we investigate the
following problem: if the Taylor coefficients of f and h are close, how close
are their zeros? As a particular case of our results we consider the distance
between the zeros of an entire function and the zeros of its derivative. We
also investigate the distance between the zeros of the Taylor series of an entire
function and the zeros of its tail.

6.1 Variations of zeros

Consider two entire functions f and h in the i-form

FO) =143 apupA® and h(A) =1+ Y by A* (L.1)
k=1 k=1

with complex coefficients ay,br. As above ¢y = 1 and ¢y, k = 2,3, ... are
positive numbers, such that the sequence

Pj
i1

is nonincreasing and tends to zero. It is assumed that

() = Timp o0 ¥/]ar] < 1, ay (h) = Timy oo &/]br| < 1 (1.2)

my =1, m;:= (j=2,3,...)

and

Zmip < 00 (1.3)
k=1
143
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144 6. Perturbations of Finite-Order Entire Functions

for an integer p > 1.
In particular, if the functions are represented in the root-factorial form

= a Ak > b Ak
Z K (A):Z(’gl)7 (ag=by=1,0<~<1), (1.4)
k= 0 k=0 V"

then they have the form (1.1) with

1 1
¢k = (k'),y7 mr = H
Besides, under the condition
1
— 1.5
P> o (1.5)

we have (1.3), since

Z Zm ((29p) <

where ((s) is the Riemann zeta function.
Similarly, if the functions are represented in the Mittag-Leffler form

ad > bz
ZOFHk/p . h(2) ::gir(lik/p) (1.6)

for a p > 1, then they have the form (1.1) with

1

U= T+ k/p)

(k>1).

As it is shown in Section 5.4,

L1 +k/p) -1
i ST A N (k=2,3,...)
k+1y — P )y )
T(1+ 1)
where 1 1
— /e
Ky = exrp |—+ ———|.
Per p[p 2(1+p)]

Thus, under consideration, we have
I2P(1+k/p)
2p _
Zm l+zr2p1+k+l)

o0
<1+ w2y R < K2P((2p/p) < o0,
k=2

provided
2 > p. (1.7)
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6.1. Variations of zeros 145
The formally more general than (1.2) case

ay(f) = limy, o0 ¥/ ]ag| < 0o and ay(h) = limy oo ¥/ |bx| < 00
can be reduced to condition (1.2) by the substitution

z1 = 2z max {ay(f), ay(h)}.

Recall that if f has [ < oo finite zeros, then, we set

zk(f)zo (k>1).

Definition 6.1.1 The quantity

1 1
rvg(h) =supinf | —— — ——
(0) = syt | 2~ !

will be called the relative variation of the zeros of h with respect to the zeros

of f.

Put - -
Wp(f) —9 [Z |ak‘2] 1/2 ) [Zmip]l/m?'
k=1 k=2
Finally, denote
q:= [Z ‘ak’ _ bk|2]1/2
k=1

and

=1 _k 2

@, (f) 1 =)

&G(fy) =) T eap [5+ 2y ] (y>0).
k=0

Now we are in a position to formulate the main result of the present chapter.

Theorem 6.1.2 Let f and h be defined by (1.1). Let conditions (1.2) and
(1.3) be fulfilled. In addition, let y,(q, f) be the unique (positive) root of the
equation

ap(fry) = 1. (1.8)
Then
rvg(h) < yp(q, f)-

The proof of this theorem is presented in the next section. Since &,(f,.) is a
monotonically decreasing function, the previous theorem implies

Corollary 6.1.3 Let f and h be defined by (1.1) and conditions (1.2) and
(1.3) be fulfilled. Then all the zeros of h lie in the union of the sets Wi(p) (k =
1,2,3,...) where

1 1

Wi(p) :={reC: qu(fa|m - XD >1}.
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146 6. Perturbations of Finite-Order Entire Functions

In particular if f has I < oo finite zeros, then all the zeros of h lie in the set
Ugc:()Wk (p)a

where
1

Wo(p) = {A € C:¢&p(f, m) >1}.

Note that

£ Zw (PN eap [ (1 4+ =2 (1))

Substitute the equality y = xw,(f) into equation (1.8) and apply Lemma
1.6.4. Then, we have the inequality

yp(Qvf) S(sp(qaf)v (19)

where

) epaq if wy(f) < epq,
%(e 1) = { wp(f) [n (w(F)/ap)] "2 if wy(f) > epg

Now Theorem 6.1.2 yields the inequality rvs(h) < d,(q, f).
If f has an infinite set of finite zeros, then according to Theorem 6.1.2 and
(1.9), for any zero z(h) of h, there is a zero z(f) of f, such that

|2(h) = 2(F)| < yp(a, Hl2(R)z(f)] < 6p(q, Fl2()z(f)].

These relations imply the inequalities

[2(N] = 2] < yp(g, Hlz(h)z()] < 6p(f; @) 2(R)z(f)]-

Hence,

|2(f)]
yp(g, Iz(H) +1

12(7)]
SERCRETESE

Let us assume that under (1.1), for a constant R € (0, 1), we have

— 1
limy 00 X/ \ak| < E

|2(h)] =

and {
mk—m)o k§/ |bk| < E,

and consider the functions

= Zakq/;k(R/\)k and h(\) = Z Yrbr(RA)"

k=0 k=0
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6.2. Proof of Theorem 6.1.2 147

That is, f(\) = f(RA) and h()\) = h(RA). So functions f(\) and A(\) can
be written in the form (1.1) and satisfy conditions (1.2). Moreover, under
consideration,

_ ZR%W‘ 1/2 [Z k}l/%.

k=2

Thus, we can apply Theorem 6.1.2 and its corollaries to functions f (A), }~z()\)
and to take into account that

2(F)R = z(f), zr(h)R = 2 (h).

6.2 Proof of Theorem 6.1.2
For a finite integer n > 2, put

n

@pn(F) =2 Zl 2 [y mir]

k=2
and )
o) = 3 22y (14 Ty ()
k=0
and

Gn = [ Z lay — bk|2 }1/2.
k=1

Consider the polynomials

PO) = X"+ appp A" and Q) = A"+ > bhp A" (a0 = by = 1).

k=1 k=1

Lemma 6.2.1 For any zero z(Q) of Q, there is a zero z(P) of P, such that

2(P) = 2(Q) < yp(gn, P),

where y,(qn, P) be the unique (positive) root of the equation

Qngp,n(fvy) =1 (21)
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148 6. Perturbations of Finite-Order Entire Functions

Proof: Introduce the matrices

—a; —a2 ... —Qp_1 —ap
mo 0 0 0
0 0o .. My, 0
and
_bl _b2 _bn—l _bn
0 0 My, 0

Thanks to Lemma 5.2.1, we have
Ae(An) = 26 (P), Me(Br) = 26(Q) (E=1,2,...,n), (2.2)

where Ag(.),k = 1,...,n are the eigenvalues with their multiplicities. Besides,

where ||.|| is the operator Euclidean norm. Because of Theorem 2.12.4, for
any A;(By) there is an A;(A,,), such that
|)‘j(B'n) - /\Z(ATL)‘ < yp(qn)7 (23)

where y,(gy,) is the unique (positive) root of the equation
1| (2N5p(An))?

P AT

k=0

Recall that
Nop(A) = [Trace(AA*)p]l/zp

and the asterisk means the adjointness. But 4, = M + C, where

—aq —az ... —0Qp_1 —anp
M= 0 0o .. 0 0
0 0o .. 0 0
and

0 0 0 0
ma 0 0 0
C= 0 ms3 0 0
0 0O .. m, O
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6.2. Proof of Theorem 6.1.2 149

Therefore, with

Op = [Z |ak|2]1/27
k=1

we have
9123 0 0 0
MM* — 0 0 0 0
0 0 0 0
and
0O 0 .. 0 O
0 m3 0 0
CcC* = 0 O 0 O
0 0 0 m%
Hence,
sk(C*) = mk+1
and

n

NZp(An) < NQP(M*) + N2p(C*) =0p+ [ mip] 1/2p = wp,n(f)/2
k=2

Consequently, y,(qn) < yp(gn, f). Therefore, (2.3) and (2.2) imply the re-
quired result. Q. E. D.

Proof of Theorem 6.1.2: Consider the polynomials

FaN) =1+ axtp? and by (A) = 14+ beghpA.

k=1 k=1
Since
we have . # (@) — # o
T A T T ) '

Take into account that the roots continuously depend on coefficients, we have
the required result, letting in the previous lemma n — oco. Q. E. D.
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150 6. Perturbations of Finite-Order Entire Functions

6.3 Approximations by partial sums

Again, consider the function

FO) =14 appt. (3.1)
k=1

It is assumed that the conditions (1.3) and

Ozw(f) = mk_,oo \k/ \ak| <1 (32)

are fulfilled. Recall that w, ,(f) and &, ,(f,y) for an integer p > 1 are defined
in the previous section, and

fa(A) =1+ Zakwk)\k (2 <n < o).
k=1

Put

oo

Vn:[ Z |ak‘2]1/2.

k=n+1

Theorem 6.3.1 Under conditions (3.2) and (1.3), all the zeros of the func-
tion f defined by (3.1) are in the set

U?:OWJ' (Vn)7

where 1
WO(Vn) = {Z eC: Vngp,n(fv m) > 1}
and
1 1
W;(vn) = {z eC: Vnﬁp,n(f, |m — ;’) > 1} (j=1,..,n).

Proof: Put in Corollary 6.1.3 f = f,, and h = f. Then ¢ = v,, and we get
the required result. Q. E. D.

Since &, (f,y) monotonically decreases in y > 0, from the previous theorem
it follows

Corollary 6.3.2 Let function f be defined by (3.1) and conditions (3.2), and
(1.3) be fulfilled. In addition, let y,(fn) be the unique (positive) root of the
equation

Vné-p,n(fv y) =1 (33)
Then for any zero z(f) of f, either there is a zero z(f,) of fn, such that
1 1
ETRErARE
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6.4. Preservation of multiplicities 151

or

1
l2(H)] = :
Yp(fn)
Substitute the equality y = zw,(f,) into (3.3) and apply Lemma 1.6.4. Then,
we have y,(fn) < 6p(fn), where

L EPVp, if wp,n(f) S €PVn,
ool fn) = { Do f) [ (@ F)fava)] "2 18wy m(fi) > cpom

Now Theorem 6.3.1 yields

Corollary 6.3.3 Let conditions (1.3) and (3.2) be fulfilled. Then, for any
zero z(f) of the function f defined by (3.1), either there is a zero z(f,) of fun,

such that L L
’m - m| < Op(fn), or|z(f)l > 5,0

6.4 Preservation of multiplicities

Again consider the functions defined by (1.1). Take a zero z,(f) of a
multiplicity p,,. Denote
| 1 1

am(f) Zk(f)’
Recall that &, and &, ,, are defined in Sections 6.1 and 6.2, respectively.

/2.

= inf
2 () #2m (f)

Theorem 6.4.1 Let f and h be defined by (1.1) under conditions (1.2) and
(1.3). Let a zero zy,(f) of [ have a multiplicity ji,,. In addition, for an
r < B, let
q&p(fir) < L.

Then h has in the set

1 1
—— — —| <
zm(f) /\| - }

zeros whose total multiplicity is also equal to fiy,.

{xecC:|

To prove this theorem, we need the matrices A,, and B,,, and the polyno-
mials P and @ introduced in Section 6.2.

Lemma 6.4.2 Let a zero z,(P) of P have a multiplicity p,. In addition,
with the notation

Bm(P) = lzm (P) — z1(P)|/2,

inf
2 (P)#zm (P)
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152 6. Perturbations of Finite-Order Entire Functions

for a positive r < B, let

QTLgp,n(fv T) <L
Then Q has in |zm(P) — Al < r zeros, whose total multiplicity is also equal to
Hom -

Proof: The proof of this lemma is similar to the proof of Lemma 6.2.1 with
Corollary 2.13.3 taken instead of Theorem 2.12.4. Q. E. D.

Proof of Theorem 6.4.1: Consider the polynomials f, and h,, defined
as in Section 6.2. Thanks to equations (2.4) and the previous lemma, we have
the required result for f,, and h,,. Now taking into account that the roots con-
tinuously depend on coefficients, and letting n — oo, we prove the theorem.
Q. E. D.

Since &,(f, .) is a monotonically decreasing function, Theorem 6.4.1 implies

Corollary 6.4.3 Let f and h be defined by (1.1) under conditions (1.2) and
(1.3). Let a zero zp(f) of function f have a multiplicity pi,,. In addition, let
the unique (positive) root yy,(q, f) of the equation

qu(fv y) =1

satisfy the inequality yp(q, f) < Bm. Then h has in the set

DeCil—rr — 1l <mla. )

1
2m(f)
zeros whose total multiplicity is also equal to fiy,.

As it is proved in Section 6.1, y,(q, f) < d,(q, f). Now Corollary 6.4.3 yields
the following result: if a zero z,,(f) of f has a multiplicity pm, and 6,(q, f) <
OBm, then h has in the set

IR
Zm(f) A

zeros whose total multiplicity is also equal to fi,.

{rec:| < 0p(a: f)}

6.5 Distances between roots and critical points

For the brevity, in this section we consider, a function in the root-factorial
form

=3 % (@0 =1, 7€ (0.1)) (5.1)
k=0
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6.5. Distances between roots and critical points 153

but similarly, functions in the -form and in the Mittag-Leffler form can be
considered. It is assumed that

limg 00 /]ar| < 1. (5.2)
By (5.1), we obtain

Z akk:Ak 1 . i akkzl’WAk’l
2 2 =1l

Assume that
and put
oo k)\k
h(A) = Z
k= 0
with

by, = (k + 1)L ZEtL
ai

Clearly, the zeros of f' and h coincide and by = 1.
Furthermore, for an integer p > 1/2+, under consideration, we have w,(f) =
@,(f) where

oo

@p(f) =2 [ fawV? + 2 [¢(29p) — 1]

k=1

In addition, &,(f,y) = fp(f, y) where

p—1 7.~Uk @Zp
Z p(f) 1‘p[1+ p(f)

&(foy) = ] YR D) 2y2p ] (y > 0).
Finally, denote
N = ap — (k + 1)1 Ll 29172,
o) = [ o = (54 1202

Now Theorem 6.1.2 yields

Corollary 6.5.1 Let f be defined by (5.1). Let conditions (5.2) and (5.3) be
fulfilled. In addition, let y,(f’) be the unique (positive) root of the equation

a(fE(f.y) = 1. (5.4)
Then rve(f') < yp(f').

Since ép( f,.) is a monotonically decreasing function, the previous corollary
implies
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154 6. Perturbations of Finite-Order Entire Functions

Corollary 6.5.2 Let f be defined by (5.1) and conditions (5.2), and (5.3) be
fulfilled. Then all the zeros of f' lie in the union of the sets Wi (p, f'), where

Wi(p, f) == {X € C: q(f)é(f. |

1 —
ze(f) A

In particular, if f has | < 0o finite zeros, then for k > I, we have

Wip. f') = Wolp, /') == {A € C (f’)fp(f»fy‘)zl}

and thus all the zeros of f' lie in the set

Ui;:()Wk(pv f/)
Note that

p—1

k=0

l|) >1} (k=1,2,3,..).

= TSI eap [+ S (PN

Substitute in (5.4) the equality y = 2@, (f) and apply Lemma 1.6.4. Then,

we have y,(f) < d,(f"), where

n._ J epa(f’) if @,(f) < epa(f’),
) { o) lIn (@(D)/alFI)2 i a(f) > epa

Corollary 6.5.1 now yields the inequality
rop(f) < 6p(f).

6.6 Tails of Taylor series

Again consider the function f(A) defined by (5.1) under condition (5.2).

Consider also the n-th tail

Assuming that

put

nh)? > k
oy =2 =3 (b,';,A)v
" k=0 V"
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with
(k!n!)Yag4n
Pk ) Pan

Because of (5.2),

o0 o0

(n})>
Sl < P>l < .
k=0 k=0

Clearly, the nonzero zeros of t,, and h coincide. B
Furthermore, for an integer p > 1/2v again use ,(f) and &,(f,y) (see
Section 6.5). Finally, denote

tn) = [ lax — b2]'? =
k=1

(k) Yak1n
Zlak 7+ | 22,
[(k+n)]"a

Now Theorem 6.1.2 yields the following result.

Corollary 6.6.1 Let f be defined by (5.1). Let conditions (5.2) and (6.1) be
fulfilled. In addition, let y,(t,) be the unique (positive) root of the equation

q(tn)&p(foy) = 1. (6.2)
Then rvp(ty) < yp(ty).

Since ép( f,.) is a monotonically decreasing function, the previous corollary
implies

Corollary 6.6.2 Let f be defined by (5.1). Let conditions (5.2) and (6.1) be
fulfilled. Then all the zeros of t,, lie in the set

UZO=1Wk (p7 tn):

where

Wilpit) 1= {3 € Cralt)(fl =75 = 50 2 1) (k=120

In particular, if f has | < 0o finite zeros, then for k > I, we have

Wi(p,tn) = Wo(p, ta) = {A € C: q(ta)ép(f, |/\|) 1}
and thus all the zeros of t,, lie in the set

Ut o Wi(p, tn).
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Substitute in (6.2) the equality y = z@,(f) and apply Lemma 1.6.4. Then,
we have y,(f) < p(tn), where

L ePQ(tn) if z~ﬂp(f) < GPQ(tn)7
Ooltn) = { o) [In (@£ /alt)D) 2 if () > epa(t)

Corollary 6.6.1 now yields the inequality rvs(t,) < d,(ty).

Similarly, one can consider the relative variation rv, (f). Moreover, one
can investigate rv(t,) for functions represented in the Mittag-Leffler form
instead of (5.1).

6.7 Comments to Chapter 6

The variation of the zeros of analytic functions under perturbations has
been investigated rather intensively. In particular, P. Rosenbloom [1969] es-
tablished the perturbation result that provides the existence of a zero of a per-
turbed function in a given domain. Location of the zeros of derivatives was
explored in the interesting papers [Clunie and Edrei, 1991], [Craven, Csor-
das, and Smith, 1987], [Edwards and Hellerstein, 2002], [Genthner, 1985],
[Harel, Namn and Sturm, 1999], [Schmieder and Szynal, 2002], and [Sheil-
Small, 1989]. The zeros of the tails of Taylor series, were investigated in the
well-known papers [Ostrovskii, I.V.; 2000] and [Yildirim, 1994].

In the present chapter, a new approach to the mentioned problems is
proposed. Chapter 6 is based on the papers [Gil’, 2000a and 2000c].
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In this chapter for entire functions whose order is less than two we make
sharper the perturbation results proved in Chapter 6. In addition, we establish
an identity between the sums

> 1 2 ad 1 2
;(Im m) and kZZI(Re Zk(f)) .

k=1

7.1 Relations between real and imaginary parts of zeros
Let
F)=1+> aXt (AeQ), (1.1)
k=1

be an entire function with complex coefficients of order less than two. Let
Y1 =1 and ¥y, k = 2,3, ... be positive numbers having the following property:
the sequence

my =1, mj = 1/1%1 (j=2,3,..)
=
is nonincreasing and
Smi=%" wzﬂ < 0. (1.2)
k=2 j=2 7J—1
Put .
%
ar = ——, k= 1727
i

157
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158 7. Functions of Order Less than Two

Then we have the 1-representation

FO) =14 app)* (A€ C). (1.3)

k=1

It is assumed that

k=1

O0u(f) = $ > ax? = JZ "j;f < 0. (1.4)
k=1 k

Recall that if f has [ < oo finite zeros, we set

1
) =0 (k=1+1,1+2,..).
Denote o
1
S = _—
2= 2 P
and -
To(f) = 05() + Y _mi,
k=2
and

xo(f,t) :== Re (a1€™)? — 2maRe aze® + 74(f)
for a t € [0, 2m).
Theorem 7.1.1 Let the function f defined by (1.3) satisfy conditions (1.2)
and (1.4) . Then for any t € [0,27), the relations

o0

o) = $:() = ol 1) ~23 (Re ©)? 20

k=1

are valid.

This theorem is proved in the next section.
Note that
xo(f,0) = Re a} — 2maRe ag + 74(f).

In addition,
Xy (f,7/2) = —Re a3 4 2mayRe as + Ty (f)-

Denote

& 1, N (e L2
Ja(f) = _(Im m) and Ry(f) .72;(1% Zk(f)) .

k=1 k=1

Now Theorem 7.1.1 implies
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Corollary 7.1.2 Let f be defined by (1.1), and conditions (1.2) and (1.4)
hold. Then

Ty(f) = S2(f) = X (£, 0) = 2Ra2(f) = xu(f,7/2) — 212(f) = 0,
and therefore, the inequalities
So(f) < 7y (f),
2Ra(f) < xo(f,0), and 2J5(f) < xy(f,7/2)

are valid.

In particular, let

1
Vi, = (CiEl (v € (1/2,1]). (1.5)
Then f takes the root-factorial form
oo k
FO) = SO (e (1/2:1). A€ C.ag = 1), (L6)
k=0 ‘"

Note that the case v = 1 is also considered in the next chapter. In the case
(1.5) under condition (1.4), we have

p(f) < - <2

= [~

Moreover, for any function f with f(0) = 1, whose order is p(f) < 2, we can
take v > 1/p(f), such that representation (1.6) holds with condition (1.4) and
¢y, defined by (1.5). Then

7y (f) = 7(f) and x4 (f,t) = x~(f, 1),

where
oo

() =D lakl* +¢(2y) -1

k=1
and ) )
X~ (f,t) :== Re (a1e)? — 277 Re aze® + 7,(f)
for a ¢t € [0,27). Note that

X+(f,0) = Re a} — 2" Re ay + 7,(f)

and

\of7/2) = —Re a3 + 277 Re az + 7 (f).
Corollary 7.1.2 implies that for a function f be defined by (1.6) under condition
(1.4), for any ¢ € [0, 27), the relations

()~ Sa) = (1) 23 (Re )

k=1
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are valid. Moreover,

7 (f) = S2(f) = x~(f,0) = 2Ra(f) = x»(f, 7/2) — 2J2(f) > 0,

and therefore,

SQ(f) < T’Y(f)v

and
2Ry (f) < x4(£,0), and 2J2(f) < x4 (f,7/2).

Similarly, one can take

1

=—— (0<p<?2
(2 T+ k/p) 0<p<2)
and use the Mittag-Leffler form of f.
7.2 Proof of Theorem 7.1.1
Again consider the polynomial
P ="+ arhpA" k. (2.1)
k=1

Denote
7(P) = Z lax|? + ka.
k=1 k=2
For a t € [0,27) put
X(P,t) := Re (a2€®") — 2myRe (age®*) 4+ 7(P).

Lemma 7.2.1 Let P be defined by (2.1). Then, for any t € [0,27), we have

n n

T(P) =Y |a(P)]* = x(Pt) — % D letan(P) + ez (P,
k=1 k=1

Proof: Again use the matrix

—a; —a2 ... —Qp-1 —Qn
A, = 0 ms 0 0 (2.2)
0 0 My, 0
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By Lemma 5.2.1,

Because of Theorem 1.9.1,

N3 (An) = > IAk(An)?
k=1

) ) 1< . L
= NZ(e®A+e "AY)/2 - 5 Z le" A\ (An) + e A (An)]?, (2.4)
k=1

where Nj(.) is the Hilbert-Schmidt norm. But

et A, + AX(y)e T =

—arett —e7May e tmg —age’ ... —anp_1e't  —ape?

etmoy — Goe ™% 0 0 0
—aze” ems 0 0
—Gpe” 0 o etmy, 0

Simple calculations show that

N3(A,) =7(P) (2.5)
and _ _ _ _
Ni(e"A+ e "A*)/2 = |are™ +ae "|?/2
n
+lmy — aze™ P+ (|al* +m3).
k=3
So

NI(e"A+e A%) /2 = |a1]|* + (a3e* +ate ") /2
+m3 + |ag|? — ma(age® + aye )
n
+ > (ol +mi) = x(P.1).
k=3
Hence (2.3) and (2.4) imply the required result. Q. E. D.

Proof of Theorem 7.1.1: Consider the polynomial

FaN) =14 arppA”.

k=1

Clearly, A" f,,(1/X\) = P(X). So zx(P) = 1/2,(f,). Taking into account that
the roots continuously depend on coefficients, we have the required result,
letting in the previous lemma n — oco. Q. E. D.
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7.3 Perturbations of functions of order less than two

Consider the functions

fA) =1+ Z ap\fyy, and h(\) =1 + Z et A¥, (3.1)

k=1 k=1

where 9 are the same as in Section 7.1; ag, by, are complex numbers satisfying
the conditions

Z|a;€\2<oo, Z|bk|2<ooand Zmz<oo (3.2)
k=1 k=1 k=2
with my = ¥ /Yr—1 (k= 2,3,...). Again put
[e o] [e o]
() =l + ) mi,
k=1 k=2

and denote

— [r B > 1 1/2
gd)(f) = [w(f) ;|3k(f)|2]

and -
q:= [Z |ay, — by|?].
k=1

Recall that

. 1 1
rvg(h) = Sl]l-plrliﬂm - m\

Thanks to Theorem 5.11.1 and the equalities agme = ast)s = c2, we obtain

Z z,%}f) =a? — 2aama. (3.3)
k=1
Since - .
> ez 2> ol
2 (e = =20

due to (3.3), we have

9u(f) < [ro(f) = lai — a22ma]'/? < /7 (f).
Everywhere in this section one can replace gy (f) by the simple calculated

quantity
[ry(f) = laf — as2ms|)'/.
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Theorem 7.3.1 Let the functions f and h defined by (3.1) satisfy conditions
(3.2). In addition, let y(q, f) be the unique positive (simple) root of the equa-

tion
95,(f)
q;/> p[22

=1 (3.4)
Then
rup(h) <wyl(q, f).

This theorem is proved in the next section. Substitute into (3.4) the equality
y = xgy(f) and apply Lemma 1.6.4. Then, we have

yu(a, f) < dula. f), (3.5)

where

) f ge if gy (f) < ge
oy (g, f) = { 9o () [in (g0 (F)/@)]) 2 if gu(f) > ge

Theorem 7.3.1 and (3.5) yield the inequality
rog(h) < 8u(q. f)-

Furthermore, put

+(f)

292

Eu(fry) = %em[

] (y > 0).

Taking into account that this function monotonically decreases in y, we get

Corollary 7.3.2 Let functions f and h be defined by (3.1), and conditions
(3.2) be fulfilled. Then all the zeros of h lie in the set

oo
Uk:lwk‘7

where

wy = {A € C: gy (f, I— f| =1,2,..).

In particular if f has 1 < oo finite zeros, then wy = wg for k > 1, where
wp 1= {)\ eC: q§¢( ‘)\|) > 1}

and thus all the zeros of h lie in the set

l
Ukzowk.
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Furthermore, let us consider functions f and h in the root-factorial form

> ak)\k > bk>\k
fo=> Gy nd A = > Gy €2l a=h=1. (6
k=0 k=0

Again assume that conditions (3.2) hold. In the case (3.6) ¥4 = 1/(k!)” and
my = 1/k7. We thus have g, (f) = g(f) where

I B > 1 1/2
) = [0 =2 )
with -
() =D laxl> +¢(27) - 1.
k=1

Besides, ¢ is again defined by the equality

q = [Z |(J,k — bk|2] 1/2.
k=1
According to (3.3),
9+(f) < [3(f) = la? = a2 M2,

Similarly, one can take

1
S T k)

and use the Mittag-Leffler form of f and h.

(0<p<?2)

7.4 Proof of Theorem 7.3.1

To prove Theorem 7.3.1, again consider the polynomials

P) = X"+ rapA™ " and Q) = A" + > bpthpA"F (2 < n < o0).
k=1 k=1
(4.1)
Let

qn = [Z lax, — bk|2]1/2
k=1

and
n

a(P) =Yl — |2(P)P + Y mi] .
k=2

k=1
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Lemma 7.4.1 For any zero z(Q) of Q, there is a zero z(P) of P, such that
|2(P) = 2(Q) < y(P, qn),

where y(P, qn,) is the unique positive (simple) root of the equation

n 1 n-1)/2
Y= a1+ — 7+ gi(P)) (42)

Proof: Let A, be the matrix defined by (2.2) and

—by —by ... =b,_1 -b,
Mo 0o .. 0 0
Bo=| 0 ms .. 0 0
0 0 My, 0
By (2.3),

where A\(.) (k=1,...,n) are the eigenvalues with their multiplicities. More-
over,
qn = HAn - BnHa

where the norm is Euclidean. Recall that for an n X n-matrix A,
n
1/2
g(4) = (NF(4) = > [M(A))
k=1

(see Section 1.7). Because of Lemma 1.7.3, for any A\, (B,,), there is a A;x(A,,),
such that

Ak (An) = Ae(Bn)l < 9(gn), (4.4)
where 7(g,,) is is the unique positive (simple) root of the equation
In 1 9°(An) | 1 (n-1)/2
—|1 1 =1.
y [ + n — 1( + y2 ) }

Take into account that
9(An) = 91(P).
This, (4.3) and (4.4) prove the result. Q. E. D.

Proof of Theorem 7.3.1: Again consider the polynomials

FoN) =1+ arpd’ and hy(A) = 14> bty (4.5)
k=1

k=1
Since A" f,,(1/A) = P(X) and h,, (1/A)A" = Q(X), we have
z2k(P) = 1/zk(fn) and 2(Q) = 1/ 2k (hn).- (4.6)
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Take into account that the roots continuously depend on coefficients, we have

the required result, letting in the previous lemma n — oo, since

2 2
uppy 1 g (L)) qm-vrz _, %exp % 9w(2f>

y 1+n71(1+ "

for any y > 0. Q. E. D.

2

7.5 Approximations by polynomials

In this section and in the next one, for brevity, we restrict ourselves by
the root-factorial form although our reasonings are valid if a function is rep-

resented in the t-form or in the Mittag-Leffler form.
Let

Z ak q (y€(1/2,1], A€ C, ag =1)
k=0

under the condition N
Z lax|? < oo.
k=1

Introduce the polynomial

3 \) = n tlk)\]g

£ =3 i
and denote -

o= Y ]

k=n+1
‘We have . .
= a2 =S : 2v) — 1]*/?
(fn) [I;I kl ,;Izk(ﬂ)\?JrC( ) — 1]

and thus,

0 (fa) < [ Janl? +¢(27) — 1~ [aF — ap2' 7]
k=1
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1/2

<[ lael? +¢2y) 1]
k=1

So everywhere in this section one can replace g, (f) by

n

a1

k=1

1/2

Furthermore, put

2
& ni) = vern [3 + 0] (> 0),

Theorem 7.5.1 Under condition (5.2), all the zeros of the function f defined
by (5.1) are in the set

U?ZOQ]-’",
where 1
QO,n = {Z eC: Vn&'y(.ﬂm m) > 1}
" Q= {2 € Civnly (fus|—oe — L) > 1) (= 1,.m).
’ Zj(fn) z

Indeed, this result is due to Corollary 7.3.2 with f = f,, and h = f. Note that

6 (fur77) = leleap [5(1+ 82()12P)).

Since &, (fn,y) monotonically decreases in y, from the previous theorem it
follows

Corollary 7.5.2 Let f be defined by (5.1) and condition (5.2) be fulfilled. In
addition, let §(fy) be the unique (positive) root of the equation

vn&y(fny) = 1. (5:3)

Then for any zero z(f) of f, either there is a zero z(f,) of fn, such that

1 1 -
S~ gy S 9,
or 1
012

Substitute in (5.3) the equality y = zg,(f,) and apply Lemma 1.6.4. Then,
we have

§(fn) < 05(fn),
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where

. evn, if gy(fn) <evp
(57(fn) = { gw(fn) [ln (g’y(fn)/l/n)]flﬂ if g»y(fn) > evy,

Now Corollary 7.5.2 yields that for any zero z(f) of f, either there is a zero
2(fn) of fn, such that

1 1 1
Z(fn) - @| S 6’7(f7l)’ or |Z(f)‘ Z 57(']0").

7.6 Preservation of multiplicities in the case p(f) < 2

Let us consider entire functions f and h in the root-factorial form

2L apAF 2L b AP
JON =2 gy md AN =3 G5 (e/2ia=b=1) (61
k=0 k=0
under the conditions
Z lax|? < oo and Z b |* < oo. (6.2)
k=1 k=1

Recall that

a= [ Jar =0l () = Y lanl® + ¢(29) - 1,
k=1 k=1

—Ir . — 1 1/2 - — a2 — go21-71L/2
and )
&(fy) = iewp [% + g;;f)} (y > 0).

Theorem 7.6.1 Let functions f and h be defined by (6.1) and conditions
(6.2) hold. Let a zero z,(f) of f have a multiplicity p,. Put

~ 1 . 1 1
=g i I~ )

If, for a positive r < Bm, we have the inequality

ng(fV T) < 17
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then function h has in the set

{)\eC:|7zm1(f)—§|§r}

zeros whose total multiplicity is also equal to fiy,.

Proof: The proof of this theorem is similar to the proof of Theorem 7.3.1
with Lemma 1.8.1 taken instead of Lemma 1.7.3. Q. E. D.

Since &,(f, .) is a monotonically decreasing function, Theorem 7.6.1 implies

Corollary 7.6.2 Let f and h be defined by (6.1) under conditions (6.2). Let
a zero zm(f) of function f have a multiplicity fi,. In addition, let the unique
(positive) oot y,(q, f) of the equation

qg'y(fv 3/) =1

satisfy the inequality R
Yy (g, f) < Bin-

Then function h has in the set

1 1
{)\GC:\M—X|

zeros whose total multiplicity is also equal to fiy,.

< y'y(q,f)}

According to (3.5) y(g¢, f) < Sv(q, f), where

B - qe if gv(f) <qe
5@ ={ 5 e )

So by Corollary 7.6.2, if f and h are defined by (6.1) under (6.2), and a zero
zm (f) of function f has a multiplicity f,,,, then the inequality ¢ (q, f) < Bm
implies that function h has in

%(f)_§| Sg'y(%f)}

zeros whose total multiplicity is also equal to pi,.

{rec:|

Example 7.6.3 Consider the function
h(z) =co+c1z+ 2722 + 1l1e 7N 4 lye 22 (0<~1,72 =const <1) (6.3)

with positive coefficients cg, c1, co,l1,ls. Without any loss of generality, as-
sume that h(0) = 1. That is,

co+ 11 +1la=1.
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Then
hz) =1+ (c1 — him — lye)z + 2° (22 + i + 1273) /2

o k
+ 3 [ ()" + la(—72)" =

k!
k=3
Rewrite the considered function h in the form (6.1) with v =1,

bi=c1 — iy — lay2, ba = 2co + 1175 + o3

and
b = (—1)F[Ly + 1295] (k> 3).
Take )
boz
f(2)=14bz+ QT (6.4)
assuming that
20y > b (6.5)
We have - .
=Y by <2> It +1as
k=3 k=3
_ 21%? 21373
1- ’Y1 1- ’Yz
and

gi(f) S 7(f) = bT + b3 +¢(2) —

Under condition (6.5), the zeros of the polynomial f defined by (6.4) are
complex and adjoint:

b
Zl,2(f) = —é +iA
with
b2
A . E - b72.
Put

1, 1 1 A
5’Z1(f) - Zz(f)| ENCGIE
So because of Theorem 7.6.1, we can assert that in the set
1
%(f)

h has exactly one simple zero, provided

To : =

1
{zeC:| —;|§7’0} (j=12),

L oap [£
i) 2 g
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7.7 Comments to Chapter 7

Sections 7.1 and 7.2 are based on the paper [Gil, 2006]. The material of
Sections 7.3 - 7.5 is adopted from [Gil’, 2000c]. Theorem 7.6.1 is probably
new.
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Recall that an entire function f is said to be of the exponential type, if it
satisfies the inequality

If(2)] < Me®#l (M, o = const; z € C).
In this chapter, for the exponential type entire functions some results from

Chapters 5 and 7 are detailed. Besides, an essential role is played by the Borel
transform.

8.1 Application of the Borel transform

Consider the entire function

) = i arA" (AeC, ap=1) (1.1)

with complex coefficients, satisfying the condition

a(f) = lm/|ay| < 1. (1.2)

So, ap = f*(0), k =1,2,... and f is of exponential type. Below in Section
8.3, we consider the formally more general case a(f) < co. Put

Fi(z) = /000 e ' f(t)dt (Re z > a(f)).

173
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That is, Fy is the Borel transform to f(z). According to (1.1), (1.2), we easily

obtain -
= it (=)
k=0
Let
o0
= [ laP]
k=1
Then, by the Parseval equality,
2 1 2
1Py ::ﬂ/o 7y “|ds—2\ak| Hil<miel  (13)
where
my = [sup |F(z)|?—1.
|z|=1
Denote

£ = la> +¢2) - 1=07(f) +¢(2) - 1,
e
where ((.) is the Riemann zeta function. Clearly,
T(f) = |Fyli2 +¢(2) =2 < mf +¢(2) -
For a t € [0,27) put
x(f,t) := Re (a1e™)* — Re (aze**) + 7(f).
By Theorem 7.1.1 with 71 (f) = 7(f), we obtain the following result.

Corollary 8.1.1 Let function f be defined by (1.1) and condition (1.2) hold.
Then for any t € [0,27), we have

0 it
T(f) = Sa(f) = x(£:t) =2 (Re %)2 > 0. (1.4)
k=1
Note that x(f,0) = Re a? — Re az + 7(f). In addition,
X(f,7/2) = —Re af + Re az + 7(f).

Recall that

%) 1 ) B %)
f):Z(Im m) and Rz(f)—Z(Re

k=1 k=1

Now Corollary 8.1.1 implies
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Corollary 8.1.2 Let f be defined by (1.1) and condition (1.2) hold. Then,
7(f) = S2(f) = x(f,0) = 2Ra(f) = x(f, 7/2) — 2.J2(f) 2 0
and thus Sy(f) < 7(f),
2Rs(f) < x(f,0) and 2J5(f) < x(f,7/2).
By (1.3), we have
7(f) = |Fyli2 +¢(2) =2 <mF +¢(2) - 1.

Hence,
2J5(f) < —Re ai + Re ay + ((2) — 1 +m}

and
2R (f) < Re aj — Re ay +m7 +((2) — 1.

8.2 The counting function

Enumerate the zeros of f with their multiplicities in the increasing order
and rearrange ay, dg, ... in the descending order: |apy)| > |agy| > ...

Theorem 8.2.1 Let the function f defined by (1.1) satisfy condition (1.2).
Then for any j = 1,2, ..., we have

J

: 1 d 1 J 1 J 1
2 <Ot e gy < w2 )

k=1 k=1 =1

The proof of this theorem is similar to the proof of Theorem 5.1.1.
Furthermore, since |z;(f)| < |zj+1(f)|, because of the previous theorem,

! S Lo
S <D U=

So

where
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and

Y F— G=1,2..).

et (B + )71+ my
Thus, f has in the circle |A| < u;(f) no more than j —1

zeros. Hence, we get

vg(r) < j—1, provided r < uj or r < @;. Take into account that

J i+1

1 I dx
E — < —=In(j+1).
k:1k+1/1. T G+

Now Theorem 8.2.1 implies

Corollary 8.2.2 Let f be defined by (1.1) and condition (1.2) hold. Then

S o+ (1+)) (=12

|2k (f)]

k=1

and v¢(r) < j—1, provided

J
N EL e

8.3 The case o(f) < o0

Consider the function f defined by (1.1) and assume that

a(f) = limg—_o0 /]ax| < oc.

Introduce the function

> ak(sA)k
ha) = fsn) = 3 4N
k=0 ’
with
0<s< ﬁ.
Clearly,
00 2
_ S _ 2
Sa(hs) = I; e = S S

Similarly, J2(hg) = SZJQ(f) and Rg(hg) = Ssz(f).

implies
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Corollary 8.3.1 Let f be defined by (1.1) and condition (3.1) hold. Then
Sa(f) < 7(f), where

1 o0
Ff):= inf = sfap? +¢(2) —1].
(D= o) 52[]; K +¢(2) - 1]

Thanks to Corollary 8.2.2, we obtain

J
1 ) B '
Z r (] < ocelll gy s 10(hs) I (14 7)), (3.2)

where

g(h&) _ [Z |skak|2} 1/2.
k=1

Let us apply the Borel transformation to f(st). For a positive s < 1/a(f), we
have

/000 exp [—zt]f(st)dt = E/OOO exp [—zt1s Y f(t1)dty

= 15C) (s e1/a(1))

According to (1.1),
> k+1
z S
Fr(2) = ar
k=0
So because of the Parseval equality,

eit 1 2 eit
(=52 [ 1B

:Z|ak3k+1|22522|ak3k|2~
k=0 k=0
Hence,
- it o
S [0%(ha) + 1) = | Fr () o
Since
eit
Fe(— < F
(s < max [Fy(2)
we get
1 1
0%(hs) < = Fr(2))? =1 (0<s< ——). 3.3
( ) =2 lz‘mjl);J f(z)‘ ( s a(f)) ( )

So from (3.2) it follows
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Corollary 8.3.2 Let f be defined by (1.1) and condition (3.1) hold. Then

J
E: 1 1
f In(1+3 — F _1\/2?]
— 0<sgll/a(f)s [in( +j)+82 ‘rln x (|Fp(2)? = 1)'/?]

Example 8.3.3 Let us consider the function

L osinm A o= (TN (=)
F) == —kzzom. (3.4)

The zeros of f are £1,42,.... We thus have
2j

Syt

k:l k=1

el
N
—
@
ot
=

Writing the considered function in the form (1.1), with

A 7T2k

2k+1’

asky1 =0, agg = (—1)

we have a(f) = m. Thanks to (3.2), with 0 < s < 1/7, we get

S <+

k=1 k=1
(ms)* .
=— _+in(l+7).
1—(7rs)4+ n(1+7)
Take
1
T3’
then
2 3
<7V3(= +in(1+2j
2 STVAG i 4 2)

This is rather close to (3.5).

Example 8.3.4 Let us consider the function

; © (7N)2R(—1)k
FO) = cos (TA) =) %

k=0

The zeros of f are k + 1/2,k =0,£1,42,... . We thus have

oo

S(fy=> @ (3.6)

k=—o00
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Writing the considered function in the form (1.1), with

azkt1 =0, agk = (—1)F7%*

we get a(f) = . Thanks to Corollary 8.3.1 with 0 < s < 1/7, we obtain

252 Z $7T 4k + C =
k=1

4
% -1
Take
1
s = e
then

Sa(f) < 72V3[¢(2) + %}.

This is rather close to equality (3.6).

8.4 Variations of roots

In this section, we show that some our above derived perturbation results
can be reformulated in terms of the Borel transform. Consider the entire
functions

o
akAk

= )\
k=0 k=0

) =

with complex, in general, coefficients. It is assumed that the conditions

a(f) <1land a(h) <1 (4.2)
hold. Let -
91 Z |2]1/2
k=

Recall that
7(f) = |FylZ2 +¢(2) =
Thanks to Theorem 5.11.1,

> (ot 2 ek e
2 TP =
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Thus
g1(f) < [F(f) = laf — aa)/? < [7(£)]V2.

So, in our reasonings, we can replace g1 (f) by
[r(f) = laf = a2[]"/* or by [r(f)]'/>.

Again put

(o]

q:i= [Z lak — bk|2]1/2.

k=1

Furthermore, let F(z) and F,(z) be the Borel transforms of f and h, respec-
tively. According to (4.1) and (4.2)

= by
Fy( Z k+1 and F, (2 Z o) (2l = 1).
k=0 k=0

Thanks to the Parseval equality, we obtain

. . 1 [27 ) .
|Ff(67,8) —Fh(els)|L2 = [%/0\ |Ff(623) _Fh(ezs)‘zds]l/Q
= [Z |ak — bk‘z] 1/2 =
k=1
Thus
0 < max |Fy(2) — Fi(2)].
Denote . . ,
§(f,y) = M 5+ g;;f)] (y > 0).

Then, from Theorem 7.3.1, our next result follows.

Theorem 8.4.1 Let functions f and h be defined by (4.1) and condition (4.2)
be fulfilled. In addition, let y(q, f) be the unique (positive) root of the equation

@(fy) =1 (4.3)
Then rvg(h) < y(q, f).
Since £(f,.) is a monotonically decreasing function, Theorem 8.4.1 implies

Corollary 8.4.2 Under the hypothesis of Theorem 8.4.1, all the zeros of h
lie in the set
UzO:1Wk1
where
1

Wiy = {)\GC:qf(f,‘%—X}) >1}.
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In particular, if f has 1 < oo zeros, then for k > 1, Wiy = W1, were
1

Wor == {)\ eC: qg(f7 B

)21} = {re Cal enp [ (14(NIP)] > 1)

and all the zeros of h lie in the set
Uk:owkl-

Furthermore, substitute in (4.3) the equality y = xg1(f) and apply Lemma
1.6.4. Then, we have

ylg, f) < d(q. f), (4.4)

where
B qe if g(f) <gqe
(g, f) = { a(f) [In (g1(F)/Q)]~?  if g1(f) > qe

Now Theorem 8.4.1 yields the inequality

rug(h) < 6(q, f).

8.5 Functions close to cos z and ¢e*

Let us consider the function

_ > Czk)\%(fl)k B
h()\) 7;;0 @ 0 1 (5.1)
with the condition
ge(d) = [ Y 1d* — eai?]? < o0 (5.2)
k=1

for a positive d < 1.
Take f(A) = cos (Ad). Then with the notations of the previous section,

we have ag, = (=1)*d?*, agy1 = 0, ¢ = q.(d). Since the zeros of cos (dz) are
2(f) = 2%(21; +1), (k=0,+1,+2, .

we obtain the equality g1(f) = n.(d) where

> 4?2 & 1
ne(d) = %W @ -1- 5 k;w o =
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d* 4d? 1 1/2
T 2)—1— — — |
[17d4+<( ) T2 kzm (2k+1)2]
Now Theorem 8.4.1 yields the inequality

TVcos (zd) (h) S yc(d)»

where y.(d) is the unique positive root of the equation

qc(d) 1 n2(d), _
y ex [ ]—1.

P §+ 292

We thus obtain the next result.

Corollary 8.5.1 Let h be defined by (5.1) under condition (5.2). Then all
the zeros of h lie in the union of the sets

{reC: |§ - ﬂ(k‘i%ﬂ < ye(d)}, k= 0,41, 42, ...
Set
L qc(d)e if nc(d) < QC(d)67
0= { D b oyt i > e

Then by (4.4) y.(d) < d.(d).
Similarly, we can consider the zeros of the function

0o Ck)\2k+l(_1)k )
— 0 CO =
|
kzzo 2k + 1)

comparing it with the function

sin (Ad)
Y/
Now let us consider the function
o0
b AF
he(A) = k/T bo =1 (5.4)
k=0
under the condition
ge(d) == [ Y 1d" — 0 P]"* <00 (0<d < 1). (5.5)
k=1

Compare it with the function e*®. Then, we have ay = d*, ¢ = ¢.(d), and
91(f) = ne(d), where

ng(d) =) d* +(2)-1=1—75+(2) -1
k=1
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Theorem 8.4.1 yields the inequality

TVexp (zd)(he) < ye(d)>

where y.(d) is the unique positive root of the equation

Mel‘p [% + 775755)} =1. (5-6)

Since e* does not have finite zeros, the following result is valid.

Corollary 8.5.2 Let h, be defined by (5.4) under condition (5.5). Then all
its zeros lie in the set

1
{zeC:|z[ > ye(d)}.
Denote
_ J ge(d)e if ne(d) < ge(d)e,
eld) := { ne(d) (I (ne(d)/qe(@d)] ™2 if 1e(d) > ge(d)e

Then by (4.4), ye(d) < de(d).

8.6 Estimates for functions on the positive half-line
We need the following two lemmas.
Lemma 8.6.1 Let D be the closed convex hull of points xg,z1,...,x, € C

(part of the points or all the points may coincide) and let a scalar-valued
function u be regular on a neighborhood Dy of D. In addition, let T' C D,

be a Jordan closed contour surrounding the points xg,x1,...,T,. Then the
inequality
1 w(A)dA 1
i < — (OISY
‘27ri /F ()\—Io)...(A—Z’n)’ ~ nl igg'“ )]
1s valid.

Proof: First, let all the points be distinct: x; # xy for j # k (j,k =0,...,n),
and let D, (zg,z1,...,2,) be a divided difference of u at points zg, z1, ..., T,
of the complex plane. Since u is regular on a neighborhood of the closed
convex hull D of the points xg, x1, ..., T,, then the divided difference admits
the representation

1 w(\)dA
Du(.I‘(),ZEl,...,JZn) = %/1; ()\_«To)()\—l'n) (61)
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(see [Gel’'fond, 1967, formula (54)]). But, on the other hand, the following
estimate is well known:

| Duo, @1, o) | < — sup [u™) ()]
n: X\eD
[Gel'fond, 1967, formula (49)]. Combining this inequality with relation (6.1),
we arrive at the required result. If x; = x;, for some j # k, then the claimed
inequality can be obtained by small perturbations and the previous reason-
ings. Q. E. D.

Lemma 8.6.2 Let g < z1 < ... < x,, be real points (part of the points or all
the points may coincide), and let a function u be reqular on a neighborhood
Dy of [xo,zy] and real on that segment. In addition, let ' C Dy be a Jordan
closed contour surrounding [xg, z,]. Then there is a point 1 € [xo,xy], such

that the equality
2mi /F A—z0).(A—2,) n! w )

s true.

Proof: First suppose that all the points are distinct: zg < 1 < ... < T,.
Then the divided difference D, (xg, 1, ..., Z,) of u in the points zg,z1, ..., T,
admits the representation
1
D, (zg,x1, ..., Tp) = Eum)(n)

with some point 1 € [xo, z,] [Gel'fond, 1967, formula (43)], [Ostrowski, 1973,
p. 5]. Combining this equality with representation (6.1), we arrive at the
required result. If x; = x;, for some j # k, then the claimed inequality can be
obtained by small perturbations and the previous reasonings. Q. E. D.

8.7 Difference equations

This section is devoted to the scalar difference equation

n

Y enwx(G+E)=f (1=0,1,..) (7.1)

k=0

with the constant real coefficients ¢; (kK = 1,...,n), ¢co = 1, a given bounded
sequence f; and the zero initial condition

2(j)=0 (j=0,1,..,n—1). (7.2)
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Recall that the Z-transform f(z) of a number sequence f = { fr}ee, under
the condition

limy o0 ¥/ Ifx] <R < o0
is defined by

o0
Jr
=35 a5
k=0
cf. [Doetsch, 1961, Chapter 4, Section 26]. We will write

Z{fx} = f(2)
The inverse Z-transform is given by

fr = 1 A= F(A) dA

21 J,

Here C) is a closed Jordan contour containing all the singularities of f (2).

Since
Z fk+1 o Z fi:::i _ ) fO)
we have ~
Z{fr1} = 2(f(2) = fo) = 2(Z{frs1} — fo).
Hence

Z{fr2t = 2(Z{fes1} = f1) = 2(z(Z{fx} = fo) = f1) =
(Z{fi} = fo) — 21

Similarly, for an arbitrary positive integer m, we have

Z{frym} = 2" Z{fx} = 2" fo— 2" 1 — . = 2fm1
Applying the Z-transform to problem (7.1), (7.2), we obtain

P(2)Z(z) = f(2)
where Z(z) is the Z-transform of the solution z(k), and
P =X"+a "+ .+,

is the characteristic polynomial. By the inverse Z-transform, a solution of
problem (7.1), (7.2) can be represented by

N i f»
m(;)_%/cx o)

Here C is a closed Jordan contour containing all the singularities of the inte-
grand.
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Let the polynomial P(\) have the zeros z1, ..., z, and
7o = max |zi|.
k
Then with ¢ = const > rg, the function

. 1 21

is said to be the Green function to equation (7.1).
Since for two sequences {fx}, {hx} the equality

k
Z{> " fejhi} = Z{fx} Z{hi}
=0

holds [Doetsch, 1961, Chapter 4, Section 26], we can assert that the solution
of problem (7.1), (7.2) can be represented as

2(j) =Y G — k) fr.
k=1

By virtue of Lemma 8.6.1, we easily obtain
1 dn—lzj—l

NP -
‘G(]” — (n _ 1)'| dZn_l |277‘0

1 (j
(n—1)! J
Now let all the zeros of P()) be positive:

Do (G+1=n)rd™™ (G >n).

0<z1 <2< . < 2.
From Lemma 8.6.2, it follows that for some s = s(j) € [21, zn],
1 arizt
(n—1)! dzn-1 lo=s = (n—1
So if the sequence f; is non-negative and all the zeros of P()) are nonnegative,
then a solution of problem (7.1), (7.2) is nonnegative.

G(j) =

gl =D +1- n)s’™" (j > n).

8.8 Comments to Chapter 8

The material of Sections 8.1 - 8.3 is adopted from the paper [Gil’, 2000c].
Sections 8.4 and 8.5 are based on the paper [Gil, 2007a]. Theorem 8.6.3 is
probably new. For more information about exponential type functions, see
for instance the excellent books [Berenstein and Gay, 1995] and [Levin, 1980
and 1996].
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A quasipolynomial is an entire function of the form

n m
= ZZC w2l e M? (A, cji, = const).

=0 k=1

The Borel transform of a quasipolynomial is easily calculated. This fact en-
ables us to obtain explicit bounds for the zeros of quasipolynomials. In addi-
tion, in this chapter, we derive two-sided estimates and positivity conditions
for some quasipolynomials on the positive half-line.

9.1 Sums of absolute values of zeros

Consider the quasipolynomial

n

L m )
= Zc-k)\Je)"“)‘ (1.1)
0 k=1

Jj=

with complex coefficients c;; and ”frequencies” A;,. Without loss of generality
suppose that

mgx\)\ﬂ <1 (1.2)

and
f0)=1. (1.3)
187
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188 9. Quasipolynomials

If conditions (1.2) and (1.3) do not hold and f(0) # 0, we can consider the
function

fi(w) = C1f(Cow)

with fitting constants C; and Cs. Simple calculations show that the Borel
transform of the function defined by (1.1) is

B n m Cjkj!
Fi(z) = 2 ; [FESWIEE (1.4)
Take into account that
it 12 ity\)2 7,11/2
Pl =[5 [ IFORa Y < s (o)
Clearly,
Sap, |Fy(2)] < w(f), (1.5)
where
N~ Jle]
W)= D T
e
Recall that -
1
S. =
) =2 e
[oe] 1 5 oo 1 9
Jo(f) =S (Im ——=)" and Ry(f) = (R :
()= (Im ) and o) = 0 (e 75)

Now we can directly apply our results from Sections 8.1 and 8.2. In particular,
Corollary 8.1.2 implies

Corollary 9.1.1 Let f be defined by (1.1) and conditions (1.2), (1.3) hold.
Then

Sa(f) < w?(f) +¢(2) - 2,
2Ry(f) < Re a? — Re ay + w?(f) +¢(2) — 2

and
2J(f) < —Re a} + Re as + w?(f) +¢(2) — 2.

Here aj, = f®(0) (k=0,1,...).
Let us derive a bound for the counting function v¢(r) of a quasipolynomial

f. Recall that
0(f) = \/IFyl7. =1

0(f) < Vw(f) - 1.

Enumerate the zeros of f in the increasing order. Now Corollary 8.2.2 implies

(see Section 8.1). Thus,
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Corollary 9.1.2 Let f be defined by (1.1) and conditions (1.2) and (1.3)
hold. Then
J

k=1

<ln +i)+Vw(f) -1

and v¢(r) < j—1 for any

j N
< (5 )t )1 (Gj=12,..).

9.2 Variations of roots

Let us consider the quasipolynomials

n m
ZZC pN e and h(A Z N e, (2.1)
7j=0 k=1 7=0 k=1
with complex coeflicients c;i, d;i. In addition,
f(0)=h(0) =1 and mI?x|)\k| <1 (2.2)
We have
B n m d]k]'
Fu(2) = ZW’
7=0k=1
Again put

q = [Fp(e") = F(e™)|re
(see Section 8.4). Then
n (cjx — djx)s!
=N s e < s IF(e) = B <

where

Recall that

= [#? —-1- E .
As it is shown in Section 8.4,

g1 (f) <10°(f) +¢(2) =1 — |a} — ag|]"/?.
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Thus ¢1(f) < §(f), where
() = [w(f) +¢(2) =2~ [af — aaf]'/2.

Everywhere in this section one can replace g1 (f) by the simple calculated
quantity g(f), and ¢ one can replace by ¢. Put

W(f.p) = seop [+ L)

Since U(f,y) decreases in y > 0, Theorem 8.4.1 yields our next result.

Corollary 9.2.1 Let f and h be defined by (2.1), and conditions (2.2) hold.
In addition, let y(q, f) be the unique (positive) root of the equation

q¥(f,y) =1. (2.3)

Then the relative variation of zeros of h with respect to zeros of f satisfies the
inequality rvy(h) < y(q, f). Thus, all the zeros of h lie in the set

U;‘Ozl Wj )

where 1 :
W;:={ e C: q\I/(f,|W - XD >1} (j=1,2,..).

Zj
In particular, if f hasl < 0o zeros, then all the zeros of h lie in the set
UizoW;
where 1
Wo := {A € C:glexp [5(1+A*5*(f)] = 1}.

Put
) (e if g(f) < ge,
6(q, f) = { G(f) [In (a(f)/g))~?  if g(f) > qe

Then thanks to inequality (4.4) from Chapter 8 we get the inequality rvy(h) <
3(a, f)-

For instance, let us consider the trigonometric sum
f) = Z c1xc08 (W) + capsin (wiA)
k=1
with the conditions (1.3) and
wr € (0,1) (k=1,..,m). (2.4)

So under consideration Ay = iwy. Clearly,

m
Clk% WgC2k
Fy(2) 22224_%3 + 24wl
k=1
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Thus, '
[Fp(e)]r2 < SIp, |Fy(2)] < w(f)
2=
with
Z e1r +wk|02k|
1-— wk
Furthermore, let
= Z di1cos (wiA) + drasin (W) (2.5)

k=1

be another trigonometric sum with the conditions (2.4) and h(0) = 1. Then

Fh(z) _ Z dipz + wkdzk'

2 2
24+ w
k=1 k

So

m
c1k — dig| + wi|car — dag
0=1F, - Bl <Y e g
k=1 k

Now we can apply the results from Sections 8.1 and 8.2.
Example 9.2.2 Consider the function
h(\) =1+ X(dig + d11e™)
+22(dag + da1€ 4 dgae®™) (b€ (0,1/3))

with real coefficients.

Take f(A) =1+ /\dneb’\ —+ /\2d2262bA. Then

1 dyy 2d2
Fy(z) = = .
L el Py SRl Pop TR
and dio . 2d 2
PR _dw 20 21
( h f)(Z) 22 + 23 + (27?))3
Thus,
|d1i 2|da;|
=1
W) =1 AT T A
and 2|
21
q < |dio| + 2|dao| + a-0)7

Let r1 2 be the zeros of the polynomial 1+ zdi; + 22da5. Then we have
FO) = dag(Ae® — 1) (A —75).

So if we know the zeros of the simple quasipolynomials ze®* — 71 5, we can
define the domains containing the zeros of h by Corollary 9.2.1.
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9.3 Trigonometric polynomials

In this section and in the next one we do not assume that condition (1.2)
holds.
For an integer n > 2, let us consider the trigonometric polynomial

n

T(A) = e’ (g =1). (3.1)

k=0

Put N
P(z) = Z cpz" k.
k=0

Clearly, for any zero z(T) of T, there is a zero z(P) of P and an integer j,
such that

iz(T) = Ln z(P) = In 2(P) + 2mij (j = £1,+£2,...), (3.2)
where
In z(P) =In|z(P)| 4+ arg z(P) (arg z(P) € [0, 2m)).
In the sequel, we take the main values z;(T) = —i ln zix(P),k = 1,2, ...,n.
Again put
—C1 —C2 —Cm-—1 Cm
1 0 0 0
An=| 0 1 .. 0 o |. (3.3)
0 0 1 0

Thanks to Theorem 4.4.1 we get

Corollary 9.3.1 For any m < n the equality
Z et (MM — Trgee AT
k=1

is valid.

In particular, from the previous corollary, it follows that

S D _ 2 _3e, (n>2)
k=1
and n
Z 312 (T) — —c? +3c1c2 — 3¢ (n > 3).
k=1
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Set N
T :Z|ck|2+nfl
k=1
and _ _
xr(t) = Re (c1e')?* — 2Re (coe®™) + 17 (t € [0,27)).
Let
up = Re zi,(T) and wg, = Im 2z, (T).
Since

e () = ek [cos (uy,) + i sin (ug)],
Theorem 4.2.1 implies
Corollary 9.3.2 For any t € [0,27) we have

Tr — Z e 2wk = =xr(t) —2 Z (Re el(t"'Zk(T))) > 0.

k=1

Hence, the inequality

3

e 2wk (ug) < 1r
k=1

follows.
Furthermore, let

Tl =l [ T0Pa .

Then because of the Parseval equality,

ZI%I2 (7> < max |T(t)*.

te[0,27)

Therefore,

0= |T()32+n—-2< rr[1a§<]|T()|2+n—2.

193

Enumerate the zeros of T'(\) with their multiplicities in the following way:

Wi < W41 (k‘ = 1, ey — 1).

Now by Theorem 4.3.1 we arrive at the following result.

Corollary 9.3.3 The zeros of the trigonometric polynomial T' defined by (3.1)

satisfy the inequalities

Y e < \/mﬂ‘ (j=1,..,n).

k=1
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9.4 [Estimates for quasipolynomials on the positive half-
line

Again consider the quasipolynomial f(z) defined by (1.1) under condition
(1.3). Rewrite (1.4) as

Fy(2) = ulz) : (4.1)

where

Here ny, is the multiplicity of Ay and u(z) is a polynomial of the degree less
than the degree of P. Put

v:=deg P(z) — 1.

Theorem 9.4.1 Let the Borel transform Fy of the quasipolynomial defined
by (1.1) under condition (1.3) be represented by (4.1). Then

1 dr
f@] <= sup wu(z)e”)| (t>0),
501 57 s 1 eEe] 20
where co(P) is the closed convex hull of the numbers A1, A2, ...; A -
If, in addition, all the numbers A1, Aa, ..., Ay, are real and belong to a seg-
ment [a,b] and p is real on [a,b], then there is an n(t) € [a,b], such that

1 a

1) = oy () lamyey (¢ 2 0).

Proof: The required resul is due to Lemmas 8.6.1 and the Jordan lemma.
Q. E. D.

9.5 Differential equations

Consider the linear differential equation
P(D)y(t) =0 (D =d/dt,t > 0), (5.1)

where P(\) = A" 4 ¢4 A"l 4 ..+ ¢, is a real polynomial, whose zeros are z
(k=1,...,n).
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Take the initial conditions
y®0)=0 (k=0,...,n—2), y™ D) =1. (5.2)

A solution of problem (5.1), (5.2) is called the Green function of equation
(5.1). We denote it by G(t). Any solution z(t) of the equation

P(D)x(t) = f(t) (5.3)
with a given continuous function f(¢) and the zero initial conditions
2™0)=0 (k=0,..,n—1) (5.4)

can be represented by the Variation of Constants Formula

z(t) = / G(t —t1)f(t1)dty (t>0). (5.5)
0
Let
o= méix Re zy,.

Then, by the Laplace transform, we have

1 do+ioco e*tdz
G(t) := — do = 4 ;> 0).
(t) 27 Jy e PC2) (do = const > a; t > 0)

According to Theorem 9.4.1, we can write
6attn—1
(n—1)!

IG(®)] < (t=0).

So a solution z(t) of problem (5.3), (5.4) satisfies the inequality

0] = gy [ e = olds (0 0)

0
Now let all the zeros zj, of P(\) be real:
zZ1 S z9 S S Zn-

In this case by Theorem 9.4.1, we can assert that
ezlttn—l €Z"ttn_1

0<—<Gt) L — (t>0).

“(n—-1! ) < (n—1)! (t=0)

Let f(t) be non-negative on the positive half-line. Then a solution of problem
(5.3), (5.4) is also non-negative. Moreover, it satisfies the two-sided estimate
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< ﬁ/{) et — )" f(s)ds (¢ > 0).

Now, we are going to establish some positivity conditions for the Green
function in the case when the characteristic polynomial has complex zeros.
To this end, assume that the polynomial

3

Ps(z) = chz?’_k (co=1,2€C)
k=0

has a pair of complex conjugate zeros: v + iw (v,w > 0), and a real zero z.
In addition, let
zZ0 > . (5.6)

Introduce the Green function

o (t) - 1 ¢+ioo ethZ
ST o aico 3(2)

(E>~,t>0)

of the equation
P3;(D)x(t) = 0. (5.7)
Besides,

G3(0) = G4(0) =0 , G4(0) = 1.

Lemma 9.5.1 Let P3(\) have a pair of complex conjugate zeros v £ iw (v €
R,w > 0), and a real zero zy. In addition, let condition (5.6) hold. Then
G3(t) >0 (¢t >0).

Proof: By the residue theorem, we arrive at the equality
G3(t) = mg[e®! — e (cos (wt) + by sin (wt))],

where 1
20 — 7
by := d =—
0 o ndmo (20 — )2 + w?

Put by = 29 — . So by = wby. Since
Gg(t) = mge“fl (t),

where
fi(t) = et — cos(w t) — by sin(wt),

it is enough to check that f; is positive. By virtue of the Taylor series,
et =14+ bit+g(t) (9(t) >0).

Since
|cos s| < 1,|sin s| < s (s>0)
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we have
f1(t) =1+ b1t + g(t) — cos wt — by sin wt > 0

for all t > 0. As claimed. Q. E. D.
Now let us consider the differential equation in the complex plane:
n drFg

Z ki k ) 0 co=1. (5.8)

The Green function to this equation is an analytic continuation of G(¢) (t > 0)
to all z € C. Without any loss of the generality, assume that all the zeros of
P are inside the circle |z| < 1. Since the Borel transform of G(.) is

thanks to Corollary 8.2.2, the zeros zi(G) of the Green function G(z) satisfy
the inequality

J

1
kZ:l |2 (G

I <AV G)—14+In(1+3),jij=1,2,..,

where
1

)= S PET

w(G

9.6 Positive Green functions of functional differential
equations

9.6.1 The first-order equations
For non-negative constants h, a and b, let us introduce the quasipolynomial
Ko(A\) :==A+ae ™ +b (A€ Q).

Consider the following function generated by that quasipolynomial:

G O 6.1
) = — . .
0( ) 27 /co—ioo KO (Z) < ( )

Here and below in the present section c¢g is a real constant such that all the
singularities of the integrand are in the half-plane Re z < ¢g.
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It is well known that Go(t) is the Green function of the linear first-order
differential delay equation

a(t) + au(t) + bu(t —h) =0 (t > 0, a(t) = du(t)/dt), (6.2)

cf. [Hale, 1977]. That is, Go(¢) is a solution of equation (6.2) with the initial
conditions
Go(0) =1, Go(t) =0 (—h <t <0). (6.3)

Besides Ky is the characteristic quasipolynomial of (6.2).

Lemma 9.6.1 Let the condition
hbe™™ < et (6.4)
hold. Then Gy(t) > 0,t > 0.
Proof: First, we consider the Green function G(t) of the equation
U+ bu(t—h) =0 (t>0). (6.5)

Let
bh < e . (6.6)

Since

maxTe T =e 1,
>0

there is a positive solution wy of the equation we™" = bh. Taking ¢ = h~ wy,
we get a solution ¢ of the equation

¢ = bel.
Put in (6.5) u(t) = e~ *2(¢). Then
5(t) — cz(t) + beMz(t — h) = 2+ c(2(t — h) — 2(t)) = 0.

But because of (6.3) z(0) = 1,2(¢t) = 0 (¢ < 0). So the latter equation is
equivalent to the following one:

t t t—h
z(t) =1 +/ clz(s) —z(s—h)]lds =1+ c/ z(s)ds — c/ z(s)ds.

0 0 0

Consequently,
t
z(t) =1+ c/ z(s)ds.
t—h

Because of the Neumann series it follows that z(¢) and therefore, the Green
function G(t) of (6.5) are positive. Substituting u(t) = e~**v(t) in (6.2), we

have
0(t) + be®v(t — h) = 0.
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According to (6.6), condition (6.4) provides the positivity of the Green func-
tion of the latter equation. Hence, the required result follows. Q. E. D.

Now introduce the exponential type function

K,(A) =X+ /h e du(s),

where 1 is a nondecreasing function having a bounded variation Var (u).
Consider the following function:

1 co+ico ezt
G, () = — £ i
) =55 /Cn_m K. ()"

It is not hard to check that G, is the Green function G,(t) of the linear
first-order differential delay equation

h
z(t) —I—/O x(t — s)du(s) =0 (¢t >0). (6.7)

That is, G, is a solution of (6.7) with the initial conditions
Gu(0)=1; G,(t) =0 (=h <t <0).

Besides K, is the characteristic quasipolynomial of (6.7).
Let us derive the positivity conditions for that Green function.

Theorem 9.6.2 Let the condition
eh Var (p) <1
hold. Then G (t) is non-negative for allt > 0. Moreover,
Gult) = G (1) = 0 (12 0),
where G4 (t) is the Green functions of equation (6.5) with b= Var(p).
Proof: According to the initial conditions, for a sufficiently small ¢y > h,
GLu(t) >0, Gu(t) <0 (0 <t <t).

Thus,
Gu(t—h)>Gu(t—s) (0<s<h<t<t).

Hence, .
Var (Gt =1) > [ Gyt =s)duts) (¢ < o).

We thus have

Gu(t) + Var (u)Gu(t —h) = £(2)
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with
h
70 = Var (0Gu(t~ 1)~ [ Gult = 9du(s) 20 (0 <1 < 1)

Hence, by virtue of the Variation of Constants formula, we arrive at the rela-

tion
t

Go(t) = G4 (8) +/0 Gt 8)f(s)ds > G (t) (0 <t < to).

Extending this inequality to the whole half-line, by Lemma 9.6.1, we get the
required inequality. Q. E. D.

9.6.2 The second-order equations

Let
Ky(2) := 2>+ Az + Bze "+ C + De * + Ee™**

with non-negative constants A, B,C, D, E. Put

1 cp+1i00 et?dz

Gz(t) = KQ(Z)

- 2mi co—i00
(5 is the Green function of the equation

i(t) + Au(t) + Ba(t — 1) + Cu(t) + Du(t — 1) + Eu(t — 2) = 0. (6.8)
Namely, G9 satisfies this equation and the initial conditions

GL(0) =1, G4(t) =0 (=2h <t <0), Ga(t) =0 (=2h <t <0).

Assume that

B%*/A>E, A?/4>C (6.9)
and put
re(A,C)=—-A/2+\/A2/4-C,
and

ri(B,E)=—-B/2+/B2JA—E.

Lemma 9.6.3 Let the conditions (6.9) and
D <ri(B,E)yri(AC)+r_(B,E)r_(A,QC), (6.10)

and
r_(B,E)et=+WO) <1 and ry (B, E)e - A9 < 1 (6.11)

hold. Then the Green function of equation (6.8) is non-negative.
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Proof: Let ag,br be numbers, such that

a1 +ag = —A, ajas = C; (6.12)
b1 +by=—B, bb,=F. (6.13)
The roots of (6.12) are
a12 = Ti(Aa C)a
and the roots of (6.13) are
b172 = ’I‘i(B, E)

Put

K(z):=(z—r+(A,C)—r_(B,E)e *)(z —r_(A,C) —r+(B,E)e” 7).
Then y
K(z) =2+ Az + Bze * +C + Dpe * + Fe %,

where

Do =r1(B,E)ry(A,C)+r_(B,E)r_(A,C).
Taking into account that a product of the Laplace transforms of several func-
tions corresponds to the convolution of these functions, we have due to Lemma
9.6.1 that under conditions (6.11), the Laplace original G(¢),¢ > 0 of the func-
tion
1
K(2)

is non-negative. Besides, G is the Green function to the equation

i(t) + At — 1) + Ba(t — 1) + Cu(t) + Dou(t — 1) + Eu(t — 2) = 0. (6.14)
Put v(t) = Ga(t) — G(t). Then subtracting equation (6.14) from (6.8), we
arrive at the equation

() + Av(t)+ Bo(t—1)+Cu(t) + Dov(t — 1)+ Ev(t — 2) = (Do — D)Ga(t —1).
So

Go(t) = G(t) + /Oté(t —8)(Dg — D)Gao(s — 1)ds.
Thus, .
Go(t) = G(t) + / G(t —t1 — 1)(Dg — D)Go(t1)dt;.
0

Applying the Neumann series and taking into account that G’(t) is non-
negative, we arrive at the inequalities

Gso(t) > G(t) > 0. (6.15)
As claimed. Q. E. D.
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9.6.3 Higher-order equations

Consider the function

K,(\) := H()\ +aj +bje ") (aj,b; = const; j=1,...,n)
j=1
with given non-negative numbers h;,a; and b;. Put
h = hl + ...+ hn
and introduce the operator Sy by

(Skv)(t) = U(t — hk) (t 2 0)

at a continuous function v defined on [—h,00). Then the Laplace original
G, (t) of 1/K,(z) is the Green function to the equation

[T (% + -+ S)att) =0 (> 0). (6.16)
k=1

Taking into account that a product of the Laplace transforms of several func-
tions corresponds to the convolution of these functions, we have due to Lemma
9.6.1 the following result:

Lemma 9.6.4 Let the inequalities
bihje! Tt <1 (j=1,..,n)

hold. Then the Green function of equation (6.16) is non-negative.

9.7 Stability conditions and lower bounds for some quasipoly-
nomials

Recall that a quasipolynomial is stable if all its zeros are in the open left
half-plane.
Consider the function

K(z) =2+ Z bpe "% (hy = const > 0)
k=1

with positive constants by.
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Lemma 9.7.1 With the notation

c:=2 Z b,

k=1

let
hie<m/2 (I=1,...,m). (7.1)
Then K(z) is stable and
wnellfi |K (iw)]| > Zbk cos (chy).

k=1

Moreover, the infimum is attained on [—c,c].

Proof: We restrict ourselves by the case m = 2. In the general case, the
proof is similar. Put hy = v, ho = h. Introduce the function

f(y) = |’Ly + b2€—ihy + ble—iyv|2.
Clearly,
f(y) = |iy + bacos(hy) + bicos(yv) — i (basin (hy) + bysin (yv))|?
= (bacos(hy) + bicos(yv))? + (y — basin (hy) — bysin (yv))?
=y + b2 + b3 — 2bay sin (hy) — 2b1ysin (yv)
+2boby sin (hy) sin (yv) + 2bgbicos(yv)cos(hy).
So
f(y) = y* + b2 4+ b2 — 2byy sin (hy) — 2byysin (yv) + 2bgbicos y(v — h). (7.2)
But f(0) = (b2 + b1)? and
F@) = (yl = bz = b1)* = (b2 +01)* (lyl > 2(b2 + b1).

Thus, the minimum of f is attained on [—¢,¢] with ¢ = 2(by + b1). Then
thanks to (7.2)
fly) =z wly) (0<y<o),

where
w(y) = y* + b3 + b} — 2y[by sin (he)

+bysin (ve)] + 2bgbicos ¢(h — v).

and
dw(y)/dy = 2y — 2 (ba sin (hc) + bysin(ve)).

The zero of dw(y)/dy = 0 is

s = by sin (he) + bysin(ve).

© 2010 by Taylor and Francis Group, LLC



204 9. Quasipolynomials

Thus,
minw(y) = s + b3 + b — 25% + 2bab1cos c(h — v)
y
= b2 + b3 — (by sin (he) + bysin(ve))? + 2babicos c(h — v).

Hence,
min,w(y) = by + b — b3sin® (ch) — bisin® (cv) + 2bgbycos (ch)cos (cv)
= b2cos? (he) + bicos® (ve) 4 2babycos(ch)cos(cv) = (bacos(ch) + bycos(cv))?.
This proves the required inequality. To prove the stability, consider the func-
tion
K(z,8) = 24 bie ** + bye ¥ (5 €[0,1]).
Clearly, K(z,0) is stable and due to the just proved inequality,

ing | K (iw, 8)| > bicos(csv)+bacos(esh) > bycos(cv)+bacos(ch) >0 (s € [0, 1]).
we

So K (z,s) does not have zeros on the imaginary axis. This proves the lemma.
Q. E. D.

9.8 Comments to Chapter 9

The material of Section 9.1 is adopted from the paper [Gil’, 2007a]. The
results of Sections 2 and 3 are probably new. The material of Sections 9.4
and 9.5 is taken from the paper [Gil’, 2007a] and the book [Gil’, 2005¢]. The
material of Section 9.6 is taken from the papers [Gil’, 2002a] and [Gil’, 2007¢].
About the classical results on positive solutions of differential and differential
delay equations see for instance the well-known books [Agarwal, Grace, and
O’Regan, 2000], [Agarwal, O’'Regan and Wong, 1999], and references therein.

Lemma 9.8.7 is probably new. The theory of quasipolynomials has a long
history, the literature on quasipolynomials and their applications is very rich.
Many important results on the zeros of quasipolynomials and, in particular,
stability criteria for quasipolynomials the reader can find in the books [Hale
and Lunel, 1996], [Kolmanovskii and Myshkis, 1998], and [Wang, Lee and
Tan, 1999].

Let us remind some well-known stability criteria for quasipolynomials.

In the case of discrete delays, the stability analysis can be reduced to an
analysis of a quasipolynomial of the form

m n

D(z) = Z Z aijz'exp(b;z)

i=0 j=0
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with positive b;. In particular, a quasipolynomial with commensurable delays
may be represented as

D(z) = Z Z aijz'exp(jz).

i=0 j=0

The most general results on the roots of that quasipolynomial are due to
[Pontryagin, 1955]. We state the results of Pontryagin (Theorems 9.8.1 and
9.8.2) without proofs. Put

P(z,w) = zm: i ai;z'wl.

i=0 j=0

Then D(z) = P(z,€?). A term a;,;,2°w’ is called the principal term of the
polynomial P(z,w), if a;,j, # 0, and if, for each other term a;;z*w’ with
ai; 7 0, we have either j < jo, i < 79, or j = jo,1 < ig, or j < jo,? = %o.

Theorem 9.8.1 If the polynomial P(z,w) has no a principal term, then the
equation P(z,e*) = 0 has an infinite number of zeros with arbitrarily large
positive real parts.

One of the basic results for applications is the next theorem.

Theorem 9.8.2 Let D(z) = P(z,e*), where P(z,w) is a polynomial with a
principal term. Suppose D(iw) (w € R) is separated into its real and imagi-
nary parts, D(iw) = F(w) +iG(w). If all the zeros of D(z) have negative real
parts, then all the zeros of F(w) and G(w) are real, simple, alternate and

G (W)F(w) — F'(w)G(w) >0 (8.1)

for every w € R. Conversely, all the zeros of P(z,e*) have negative real parts
provided that either of the following conditions are satisfied:

(i). All the zeros of F'(w) and G(w) are real, simple, alternate and inequal-
ity (8.1) holds for at last one w.

(ii). All the zeros of F(w) are real and, for each zero inequality (8.1) is
satisfied.

(iii). All the zeros of G(w) are real and, for each zero inequality (8.1) is
satisfied.

The following result is due to Hayes (see the book [Hale, 1977, Appendix]).
Theorem 9.8.3 Let a,b be real. Then all the roots of the equation
(z4+a)e*+b=0
have negative real parts if and only if

a>—1;
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a+b>0;
b < zpsin zg — acos zy,

where zy is the root of the equation z = —a tan z (0 < z < 7) if a # 0, and
z0=7m/2 ifa=0.

The following theorem is also proved in [Hale, 1977, Appendix].
Theorem 9.8.4 All the roots of the equation
(22 +az)e* +1=0

have negative real parts if and only if a > (sin z)/z, where z is a unique root
of the equation 2> = cos z, 0 < z < /2.

A calculation shows that a > 0.8905835.
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This chapter contains additional results on the zeros of entire functions. In
particular, we introduce transforms that generalize the Borel transform. In
addition, we establish upper and lower bounds for the canonical products in
terms of the sums of their zeros.

10.1 Comparison functions

Let g = ¥1 = 1 and ¥,k = 2,3,... be positive numbers having the
following property: the sequence

¥;

j=1,2, ..
P ( )
is nonincreasing and tends to zero. Consider the entire function
f2) =) ed® (co=1). (1.1)
k=0
The function -
G(t) =t (t>0) (12)
k=0
207
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is called a comparison function of f if for some positive number 7 (depending

on f),
|f(2)] < const (rr), r — oo (r =|z]). (1.3)

A comparison function is necessarily entire, as the ratio test for convergence
shows. We denote by V, the class of entire functions such that (1.3) holds.
The infimum of numbers 7 for which (1.3) holds is the (exact) ¥-type of f; we
denote by Vi, (7) the class of functions whose ¥-type is 7 or less. For example,
when (1) = e?, Vi (7) is the class of functions of exponential type 1, that is,
entire functions of order 1 and type not exceeding 7, or of order less than 1.

The 1-type of a function can be computed from the coefficients in its power
series by applying the following theorem, called Nachibin’s theorem, see [Boas
and Buck, 1964, p. 6].

Theorem 10.1.1 The function f(z) defined by (1.1) is of P¥-type T if and
only if
iy, oo | /00 |V/™ = 7.

Proof: First let
lim sup |e,, /1hn|™ = 7 < 0.
n
Then, for any 74 > 7, we may choose a constant B, so that

len/vn| < BT

for n = 1,2, .... Thus, on the circle |z| =r,
F(I <Y lerlr® < BY  vwr® = By(nir).
k=0 k=0

Since 71 may be arbitrarily close to 7, this shows that f is of ¥-type at most
T.

In the other direction, we need a simple lemma connecting the rate of
growth of ¢ with that of its coefficients.

Lemma 10.1.2 Let
=i

Then, for all nonnegative integers n,

1< =< (n+1)e (1.4)
and consequently,
lim [22]1/7 =1

n
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Proof: Since 9(z) > ,a™, it is evident that ~, > ,. To obtain the
right-hand side of (1.4), we estimate v (z) for a choice of z near that which
minimizes ¥ (z)z~™. Let d,, = ¥_1/¢n, and let 0 < w < 1, w is to be near
1, and will be specified later. Recalling that a restriction on ¢ was that {d,,}
increases, we observe that 1, < ¢nd,’17k7 both for £ < n and k > n. Setting
r = wd,, we have

Y(z) =Y et <o Y dnF(wdy)
k=0 k=0
_ Yudy
“l-w

For this choice of x, we have

Y(z) Un
2" T w(l—w)
and so
Tn 1

U S (1w

Choosing w as n/(n + 1) to minimize the right-hand side, we obtain

< (A1 +nT)" < (n e

n

Q. E.D.
To apply the lemma, suppose that f is of ¥-type 7. If 74 > 7, then for some

constant M, we have |f(z)] < M (mr). By Cauchy’s inequality,
My(mir) _ Mri'p(nr)
rn (mr)r

len| <

Choosing r to minimize the right-hand side, we find |¢,,| < v, M7{", and
n11/n
’%’ / < Ml/nTl('Yn/wn)l/n'

Invoking the lemma, we then have

lim sup [V—n] 1/n

n—oo n

< T1-

The conclusion of Nachibin’s theorem follows on letting 7 approach 7.
Q. E. D.
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10.2 Transforms of entire functions
10.2.1 The y-transform
Let f € Vi, be defined by (1.1) and

limy, o0 \/7 L (0 < R < o). (2.1)
U

Then, we will call the function

Z o (412 R) (22)

the -transform of f.
Theorem 10.2.1 Let
[e o]
)= vt® (t>0)
k=0

be a comparison function. Let

oo
= E ckzk
k=0

belong to the class Vi as in (1.3), and condition (2.1) hold. Then

f@) == [ gew)F(fw)dw (s € ).

21 |lw|=R

Proof: With C = {z € C: |z| = R}, we have

d
QZ]ZU] w_2 /szwwknldw_wn
T

27rz wn Tl
Hence,
ZWZ/wzw (f,w 27m/zwnzw Zd, k+1dw7f()
Q. E. D.

When 9(t) = e, (2.2) describes the correspondence between an entire
function f(z) of exponential type and its Laplace (or Borel) transform. The
general case can be applied, by suitable choice of 1, either to entire functions
of arbitrary order or to functions that are regular in a prescribed region.
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10.2.2 The Mittag-Leffler transform

Again consider the entire function defined by (1.1) assuming that
_ 1
limg o0 V|| T(1 + k/p) < = (0 < R < ), (2.3)
where T is the Euler gamma function. Then the function M,(f, z) defined by

(1 +k/p)c
My (f2) = Y PEENDC ()5 g
k=0

will be called the Mittag-Leffler transform of f.
So under consideration ¥, = 1/T(1 4+ k/p), k > 1, hence, if a function f is
represented in the Mittag-Leffler form

> k
L apz
J) = ; T(1+k/p)’
then
0 an
Mp(f,Z): Zk+1.
k=0

Lemma 10.2.2 Let f be given by (1.1) under condition (2.3). Then

My(.2) =per [ e ey
0

for all z € C with Re z° > 0 and |z| > R.

Proof: For an integer k£ > 0 denote

Hy(z) = pzp_l/ e~ Lk (Re 2P > 0).
0

Putting s = zt, we have
°° P
Hy(z) = zik*lp/ e P15k ds.
0

Hence, with v = s”, we obtain
Hy(z) = sz*l/ e Uk Pdy = z7FTID(1 4 k/p).
0
Integrating term by term the series in (1.1) we prove the lemma. Q. E. D.

Let (2.3) hold with R = 1. Then

03 (p. f) == lewl(1 + k/p)|* < 0.
k=1
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212 10. Transforms of Entire Functions and Canonical Products

Introduce the norm
it 1o ity (2 7411/2
IMp(f ez =[5 [ IMp(f;e™)[Pdt] 7.
™ Jo
Under (2.3) with R = 1, by the Parseval equality and (1.1), we can write out,
031 (0, ) = IM,(f,e")][72 — 1.

So 03, (p, f) < max). =1 |M,(f,2)|> — 1. Remind that by the notion

0(p, ) = 03 (p, f) + lea [P (1 = 1/T2(1 + 1/p)),
in Section 5.4, estimates for zeros are established.

Lemma 10.2.3 Let condition (2.3) hold with R =1 and f = fi+ fo+...+ fm,
where fi, are entire functions with finite O (p, fr). Then

\V Oarp g:\/ (ps fr) +

Proof: Indeed,

03 (p, ) + 1= | M,(f, ¢’ ||Lz—|\ZM (frr ™)l 2

<Y IMp(frre)z2 =Y 2/03 (o, fi) + 1.
k=1 k=1
As claimed. Q. E. D.

The integral representations of the Mittag-Leffler transform and inverse
one can be found in [Berenstein and Gay, 1995, Chapter 5]. Note that in
that book the Mittag-Leffler transform is defined as M,(f,1/z) — f, that is,
conversely to our definition.

10.2.3 The root-factorial transform

Again consider the function f represented in the form (1.1) assuming that

Hm A/ |ex| (k)Y < 1/R (0 < R < o0) (2.4)

for some v > 0. Let us introduce the transform f — T, (f, z) by

OOC
7,59 =3 A8 (12> p)

k=0
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We will call it the root-factorial transform of f. So,

= 1/(k)

and if a function f is represented in the root-factorial form

Z 2 (AeC, ay = cr(k))
k=0
then
i
T(f2) =) iy (2€0).
k=0

Let condition (2.4) hold with R = 1. Then

[e o]
= " Jax|* < oo
k=1
Put
1 [ 12
ITs(f el =[5 [ 1T (F )]
T Jo
By the Parseval equality we can write out,
05(f) = IIT5(f,e™)|Z2 — 1.
So

02(f) < max |T,(f, AP~ 1.

Lemma 10.2.4 Let condition (2.4) hold with R =1 and let f = f1 + fo +
..+ fm, where fi are entire functions with finite 6, (fi). Then

The proof of this lemma is very similar to the proof of the Lemma 10.2.3.

10.2.4 A relation between the Mittag-Leffler and root-factorial
transforms

For an integer p > 2, put
dp = (Pe)l/p-

We need the following technical result.
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214 10. Transforms of Entire Functions and Canonical Products

Lemma 10.2.5 For any integer p > 1, the inequality

L(1+k/p) _ V2
TUr(1+k) = dkp

(k=1,2,..)

s true.

Proof: By the Stierling formula [Markushevich, 1968, p. 323],

o=l o [T

where the function ¢ satisfies the condition
1
—gggzs(t)gO, t>0.

Hence,

o(t)dt ]

T(1+2) =T(2)z = V2r2°* % exp [—Z‘/O (z + )21

Therefore, for a positive z,
T'(1+42) > V2r2*ts expl—2).
However, for an integer n,
n! < %(n +1)"

cf. [Mitrinovich, 1970, p. 192]. For k > 1, this gives k! < k*. Thus,

D(1+k/p) = Var(k/p)r5 capl—k/p] > kk/pdﬁﬁ
and
T(1+k/p) >TYP(1+ k)ﬁﬁ'

As claimed. Q. E. D.

The following theorem establishes a relation between the Mittag-Leffler
and root-factorial transforms.

Theorem 10.2.6 Let f be defined by (1.1) and for an integer p > 1, the

condition 1
mk_,oo ¥/ |Ck|F(1 + k‘/p) < =
dp

hold. Then

. dy+\/P )
Il < L1M7 e
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Proof: By the previous lemma and the Parseval equality

1 2 )
(e = 5 [ 1M e s
™ Jo

oo

lex (14 k/p)|? 1/
Z 2077 2 kzo|p WDVP (14 k)2

dgHTl/p(fa )”L2

As claimed. Q. E. D.

10.3 Relations between canonical products and S,

Let A := {z;}32; be a sequence of complex numbers with their multi-
plicities ordered in the nondecreasing way: |zx| < |zgx41|, and satisfying the
condition

o0
1 .
S, = kzl AT < oo for an integer p > 1. (3.1)

Consider the function

=1
with
z p-l zm P
Gj(z,p—1) = (lfz—j)exp [mzzlngn] (p >2);G,(2,0) (1727)

For a positive r, again put
Qr)={seC:|s| <r}.

Let L(z) C Q(|z]) (2 € C) be a simple Jordan contour connecting 0 and z
(that is, L(z) is ended by 0 and z). It is assumed that L(z) does not contain
the numbers z;, such that

or(z) = sup 2 < 00. (3.2)

s€L(z); k=1,2,... |S - Z]C‘
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Lemma 10.3.1 Let conditions (5.1) and (3.2) hold. Then

[In IL,(2)| < Sphp(2) (2 € A), (3.3)

where

,(z) ;= sup / sP~t ds
o(2) zk€A| L(2) 5= 2k |

Proof: Let p > 2. For the brevity, put G;(z,p — 1) = G;(z). Clearly,

oo o0
m,(z) =Y Gi2) [[ Gi(»)
k=1 j=1,5#k
and
1 z b2 zm p] z™m
G’ =|-— 1-—=
0=y o) 2 g [ g
Take into account that
p—2
1 P 2™ 2Pl
—— +(1-— —_— = .
Zj ( Zj) 7;) Z;n+1 Z;’
So
() =~ Gy(2)
z) = — - z
! A *Zj) !
Hence,
IT) (=) = h(2)TT, (2),
where
—2F" 12
zk)
But

=1 P~ ds
h(s)ds = In IL,( —/ —.
/L(z) Zl 2’5 L ~ 2

() L=z

Consequently, (3.3) holds. The case p = 1 is similarly considered. As claimed.
Q. E. D.

Corollary 10.3.2 Let conditions (3.1) and (3.2) hold. Then

[In IL,(2)| < Splp(2)¢r(z) (z€C, p=1,2,..), (3.4)

I(z) = / 5P ]ds.
L(z)

where
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10.4. Lower bounds for canonical products in terms of Sp 217

In particular, if L(z) is a segment of a ray {w € C : arg w =t} with a fized
teo,2r):

L(z)={s:args=1t, 0<|s| <|z|} (3.5)
then

|2[P
‘ln Hp(z)‘ < 7¢L(Z)Sp. (3.6)
Indeed, this result is due to the previous lemma and the inequality
sP~lds

[z en) [ bl sl = (o)
L(z) 1 —8/zk L(2) P

If L(z) is defined as in (3.5), then {,(z) = |z|P/p.
Furthermore, from (3.4) it follows that

|HP(Z)| _ eRe In I,(z) > e—\ln I, (2)| > e—lp(z)¢L(z)Sp. (37)
Moreover, under condition (3.5), we have
I, (2)] > el or G/, (3.8)

The latter corollary is sharp. Indeed, under (3.5) the right-hand part of
inequality (3.8) tends to zero as z — zj € A, since in this case ¢ (z) — +o00.

10.4 Lower bounds for canonical products in terms of 5,

Again, let A = {z} be the set of the zeros of II,(2) (|z1] < |22] < ...). For
an a > 0, let 21, 22,..., 2, € A be all the zeros satisfying |z;| < a. That is,
v(a) = m, where v(r) is the counting function of {z;} in Q(r). Put

1 q "1
we = || — an =) -.
jljl Zj T ; l

Theorem 10.4.1 Let condition (3.1) hold and m = v(a) > 1. Then for any
positive b < a/2, there is a system W(b) of at most m circles whose sum of
radii is 2b, such that

P
()] >l (be =) ep [~ 1250
(-5
for all z € Qa), z ¢ V(b). If v(a) =0, that is, if
ETRCET
then S P
z
0, (2)] > exp [— —F= ] (2] <a). (4.1)
p(1—-3)
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218 10. Transforms of Entire Functions and Canonical Products

This theorem is proved in the next section.

Assume that
i1/p1
vi= sup —— <00 (4.2)
7=1,2,... \Zg|

for some p; > 0. Take an integer p > 2, such that

D> p1. (4.3)
‘We have

— 1
Sp <V e = VIC(p/p) < o0,
k=1

where ( is the Riemann Zeta function. From Theorem 10.4.1 it follows

Corollary 10.4.2 Under conditions (4.2), (4.3), let v(a) > 1. Then for any
positive b < a/2, the inequality

. |2[PrP((2)
L, (2)] > [wa|b™exp [* ﬁ - m”Yp]

is valid for all z € Q(a) except W(b). If v(a) =0, then
V(2P

|Hp(z)| > erp [— m

] (2] < a).

10.5 Proof of Theorem 10.4.1
Let m =v(a) > 1. Set

j=1
m m p—1 Zl
Ho(2) = [] G5(2) = (-1 Pa()waean [ 3
j=1 j=11=1 J

and -
II i
Jj=m+1
Then |II,(2)| = |Fo(2)Hqa(2)|. Function F, does not have zeros in |z| < a. So

|2k
sup

~ zl < a).
S ] ST <@
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Now Corollary 10.3.2 implies

‘Z|prm
|Fo(2)] > exp | — ———25~]| (|z] < a),
b reEym
where
> 1
Wom = 2, TF
k=m+1 k

Furthermore, by the Cartan theorem (see Section 3.4), for any positive b, there
is a system W(b) of circles whose sum of radii is 2b, such that outside that
system

IPa(2)] = (b)),

Clearly,
p—1 m 1 p—1 1
I l
|2 217_| < D12l 7 Skm,
=1 =177 =1
where
Tl
Sim =
"L
Thus,

|Ha(2)| 2 [wa|(be™") ™ eap | Z B Slm (z € Q(a),z & V(b))

Since |II,(2)| = |Fu(2)H,(2)|, we have established the following result.

Lemma 10.5.1 Let condition (3.1) hold and m = v(a) > 1. Then for any
positive b < a/2, the inequality

—1m 2PWom Lty ol
1,2 2 (e ez [~ 2R o [ =3 i)
a =1
is valid for all z € Q(a), z ¢ V(b).

Proof of Theorem 10.4.1: If v(a) = 0, then the required result is due
0 (3.8). Now let m = v(a) > 1. By the Young inequality, we can write out
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But . ) )
p— P p—
p—1 lz(p 1 p-—-1
—_— == 7—1): - — =791
1=1 pl Lt i l:ll p
So .
m p— 1 m
|| (p— D=
< +m(y, — 1)
L= e
Hence,
m p—1
z|prm+Zf|z| St =P Wy + 30 111 |l
j=11=1 '

< 2P (Wpim + Spom) +m(yp — 1) = [2[°Sp +m(yp — 1) (m = 1).
Since m = v(a), by Lemma 10.5.1, we arrive at the required result. Q. E. D.

10.6 Canonical products and determinants

Again put
o0 p—1 Lm
Hl——ezp[ —] (p>1)
j=1 m=1 J
and -
m=I[0-2)
i=1 /

Furthermore, in Section 2.14 it is proved that there is a constant 3,, such that

-2 eap[Y D] < (ze0) (6.1

m=1
for any integer p > 2. Besides, 5, = 1/2 and
By < 3e(2+1In (p—1)) (p>3).
Lemma 10.6.1 Let
Sp < 0o for an integer p > 1. (6.2)
Then the inequality
()| < exp [BpSplzl"] (2 € C,BL=1) (6.3)

is valid.

© 2010 by Taylor and Francis Group, LLC



10.6. Canonical products and determinants 221

Proof: Obviously,

I, (2)] < H exrp [ﬁpli‘)p] = exp [Z 5p|.2'1|)p] = exp [Bp|2|PS,).
=1 |21 1 |21
Q. E.D.
Let
() =3 s ©<7=1/p) (6.4)
k=0 V"

be the Taylor expansion under the condition

lim {/|ag| < oo. (6.5)
Recall that det,(I — A) is the regularized determinant.

Lemma 10.6.2 Let the expansion (6.4) hold under condition (6.5). Then the
equality
II,(z) = det, (I — Az) (6.6)

is valid, where A is the compact operator defined in 12 by the infinite matriz

—aq ] —as
/200 0
0 1/37 0

0o 0 14

Proof: Indeed, let

—a; —as ... —Gp_1 —ap
/20 0 .. 0 0

4= 5 I o

0 0 Un' 0

and ) .
fn(z):1+a1z+a;j +...+a:; .

As it was shown in Section 5.7, zx(f,) = m. Hence, letting n — oo,
we have

This proves the lemma. Q. E. D.
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In the previous lemma, we have restricted ourselves by the root-factorial
representation, but the same arguments are valid for other representations,
for example, for the Mittag-Leffler representation.

Now let us consider infinite order canonical products. Let {2z}, be a
sequence of complex numbers enumerated in the nondecreasing way. Then
there is a nondecreasing sequence m = {p;}32; (p1 > 1) of positive integers,

such that
Zﬂpj |>\‘ p] (67)
|ZJ‘

for all A € C. The canonical product corresponding to the sequence 7 define
by

We put

Theorem 10.6.3 Under condition (6.7), the ineaquality
L (\)] < (V)

is valid.

Proof: Thanks to (6.1), we have

|A‘PJ

7;|Pi

|<Hexp Bpj| ]

Jj=1

[ee] .
Bp, | AP
exp [ 2P J-
j=t "
As claimed. Q. E. D.

10.7 Perturbations of canonical products

Consider the products

H (1—=)exp [Z T:;nm] p=12,..) (7.1)
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and
B 0 P p—1 om
II,(2) := 1— —)exp — |, 7.2
p(2) ,-1;[1( Z]_) [Z::l mz;.n] (7.2)

were the numbers z;, Z; satisfy the conditions

=1 =1
Z < 00, Z — < 0.
i el i el

Let
() = 3 A (73)
P L (B '
k=0
and
~ e k
M) =3 G <7 <1/ (74)

be the corresponding Taylor expansions satisfying the conditions

lim{/|ax| < 1 and lim {/|bg| < 1. (7.5)

Introduce the notations

¢= > lar — b,
k=1

0 .= [Z |ak|2}1/2 and 0 := [Z |bk‘2] 1/2.
k=1

k=1
In addition, put
Lp 1 1/p

and 1 L

- ; p i/p

= [0+ 5)" +<w) — 5 — 1]
Theorem 10.7.1 Let relations (7.3)-(7.5) hold. Then the canonical products
II,(z) and I1,(z) defined by (7.1) and (7.2) are subject to the inequality

My(2) — ()] < alz] eap [0+ 2 a7, + %)),

where (), is defined by (6.1).

Proof: Recall that det, (I — A) denotes the regularized determinant of an
operator A € SN, (see Section 2.14). From Lemma 10.6.2, it follows that

I, (f, z) = det, (I — Az) and II,(h, z) = det,, (I — Bz),
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where A is defined as in Lemma 10.6.2 and B is the compact operator defined
in {2 by the infinite matrix

by —by —bs
/27 0 0
B=| 0 1/37 0

0o 0 14
Besides, \;(A4) = i and A\,(B) = i By Corollary 2.14.4,

|det, (I — zA) — det,(I — zB))|

12l

< |2|Np(A — Bexp [B,(1+ = 5 (Ny(A—B) + N,(A+ B)))"].

Hence,

|det, (I — zA) — det,(I — zB))|
2|
5 (
Moreover, let A, (7y) be as in Section 10.6. As it was proved in Section 5.7,

< |2|Ny(A = B)exp [By (1 + = (Np(A — B) + N,p(A) + Ny(B)))"].  (7.6)

Hence,

But Np(A, (7)) — Np(A) as n — o0. So

NZ(A) < (0+ 2%)%2%

P + 1)py
1 1
(9+27) +Cop) — 5y — 1=

Similarly, N,(B) < 7. In addition,

—by+a; —byt+ay —bz3+as

0 0 0
B-A= 0 0 0
0 0 0

© 2010 by Taylor and Francis Group, LLC



10.8. Comments to Chapter 10 225

Hence,
@ 00
0 0 O
(B=—A)(B*—A") = 0 0 O
0 0 O

So s1(A—B) =gq, si(A—B) =0,k =2,3,.... Hence,
Ny(A-B) = q.

Now (7.6) yields the required result. Q. E. D.

Corollary 10.7.2 Under the hypothesis of the previous theorem, we have

1L, (2)] = [T, (2)] = glz] exp [Bp(L + |2|w)"),

where

1 .
K= 5(‘1"‘7—;1 + 7p)-

So, if some z € C is not a zero of II,(z) and

T, ()] > gl

exp [Bp(1 + |2|p)"],

then z is not a zero of Ty(2).

10.8 Comments to Chapter 10

As it was above mentioned, Theorem 10.1.1 is taken from the excellent
book [Boas and Buck, 1964]. The results of Section 10.2 are probably new.
Our definition of the Mittag-Leffler transform is different from the definition
suggested in the book [Berenstein and Gay, 1995, p. 310]. Sections 10.3 - 10.6
are based on the paper [Gil’, 2007¢c]. Theorem 10.7.1 is probably new.

Some important new inequalities for entire functions can be found in the
papers [Foster and Krasikov, 2002] and [Gardner and Govil, 1995]. An in-
teresting approach to the canonical products of infinite order entire functions
has been suggested in the paper [Bergweiler, 1992].
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In this chapter, we investigate polynomials with matrix coefficients (polyno-
mial matrix pencils). Bounds for the characteristic values are established. We
also explore variations of the characteristic values of polynomial matrix pencils
under perturbations. In addition, we establish the multiplicative representa-
tion for a class of rational matrix-valued functions, namely, for the inverse
polynomial matrix pencils. Applications of our results to coupled systems of
polynomial equations and vector difference equations are also discussed.

11.1 Partial sums of moduli of characteristic values

Let C™ be a Euclidean space with a scalar product (.,.), the Euclidean
norm

1Bl = v/ (h,h) (h e C")

and the unit matrix I = [,,. For an n x n-matrix A, ||A|| means the operator
norm:

and A\p(A) (kK = 1,...,n) are the eigenvalues with multiplicities taken into
account. Our main object in this chapter is the polynomial with matrix coef-

227
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228 11. Polynomials with Matrixz Coefficients

ficients (the polynomial matrix pencil)

I
P(A) =D NFA, (Ve C; Ag =1,,), (1.1)
k=0

where Ay, k=1,2,...,u are constant n x n-matrices. That is,

P()‘) = (ij()‘))?,kﬂ

is a matrix dependent on a complex argument A\ whose entries p;,()\) are
polynomials. A zero z,(P) of det P(z) is called a characteristic value of P.
The collection of all the characteristic values of P with their multiplicities is
called the spectrum of P and is denoted by X(P). Let the characteristic values
of P taken with their multiplicities be ordered in the non-increasing way:

2u(P)] > 21 (P)] (k= 1, — 1).

Introduce the block matrix

7141 7A2 714;1,71 A;L
o L 0 0 0
A(P) = 0 I, 0 0
0 0 I, 0

The the following result plays an essential role in this chapter.

Lemma 11.1.1 The equality
det P(\) = det (\,,,, — A(P))
18 true.

This lemma is a particular case of Lemma 12.3.1 proved below.

Set
w

Op =Y ArA;,

k=1

where the the asterisk means the conjugate. Denote

- M(0p) ifk=1,..n
‘”’“(P)_{ 0 ifhk=n+1,..,un

Theorem 11.1.2 The characteristic values of]5 satisfy the inequalities

Z\Zk \<J+Zwk (G =1,..,un).
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Proof: For simplicity, put A(P) = A. Because of the previous lemma,

Me(A) = z,(P) (k=1,2,...,npu). (1.2)

Take into account that by the Weyl inequalities
J . J .
DA <D T sk(A) (=1, mp), (1.3)
k=1 k=1

where sk(fl) are the singular numbers of A with their multiplicities ordered
in the non-increasing way. But A = M + Cy, where

-A —Ay ... A, A,
M= 0 0 0 0
0 0 0 0
and
0 0 0 O
I, O 0 O
Cy = 0o I, 0 0
0 0 I, 0
‘We have
©s 0 0 0
MM* — 0 0 0 0
0O 0 .. 0O
and
0 O 0 0
0 I, 0 0
CoCj = 0 O 0 0
o o0 .. 0 I,

Consequently, si(M*) = wi(P). In addition,
se(Cy)=1 (k=yn+1;j=0,.,u—2;1=1,...,n)
and
sk (C5) =0 (k=(p—Dn+1;1=1,..,n).

So
sp(Cy) <1 (k=1,...,nu).

Thanks to Lemma 1.1.2
j R j j j
D sk(AT) =) s (M CH) <Y sk(MT)+Ysk(Ch).
k=1

k=1 k=1 k=1
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Thus,
i o .
D s(A) = sk(A) <> we(P)+5 (G =1,2,..,un).
k=1 k=1

k=1

Now (1.2) and (1.3) yield the required result. Q. E. D.

From the previous theorem, it follows that
~ ] ~
iz (P) <Y wk(P)+j (5 =1,..,np).
k=1
Therefore, P has in the circle
1< -
2] <1+ ;Z‘W@(P) (j < np)

k=1

no more than pun — j 4+ 1 characteristic values.

Let vj(r) denote the counting function of P. That is, v(r) is the number
of the characteristic values of P in |z| < r.

We thus get the following result.

Corollary 11.1.3 The counting function vp(r) of the characteristic values
of P satisfies the inequality

vp(r)<pn—j+1 (j=1,2,...,un)

for any

11.2 An identity for sums of characteristic values

Again consider the polynomial matrix pencil P(\) defined by (1.1). In this
section, we derive identities for the sums

5ul(P) =3 2 (P) (2.1)
k=1

for an integer m < p.
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To formulate the result, introduce the mn x mn-block matrix

—A, —Ay ... —A,_1 —A,
R I, 0 0 0
Bn=| 0 I, .. 0 0 (1<m<p) (2.2)
0 0 I, 0
and A
Bl = 7141

Clearly, Bu = A(P).

Theorem 11.2.1 Let P be defined by (1.1). Then for any m < u, one has

un
Z Z"(P) = Trace B™. (2.3)
k=1

To prove this theorem, we need the following result.

Lemma 11.2.2 For any natural m < u, we have the equality Trace BZL =

5 m
Trace B].

Proof: Consider the nu x nu block matrix

b11 b12 bl,;t—m bl,u—l bl’”
bgl bgg bg’M,m bQ’H71 bg’”
_ bml bm2 bm,ufm bm,ufl bm,u
T = I, 0 .. 0 0 0 (2.4)
0 I, 0 0 0
0 0 I, 0 0

with some n x n-matrices bj;. Direct calculations show that the matrix

Du,erl = T,u,mBu (m < /1’)

has the form

dq1 dia dl,p,—m—l dl,u—l dl’”
doy dag vo o pym1 wo o do da,,
dml dm2 dm.,ufmfl dm,ufl dm,u
DH,erl = dm+1,1 dm+1,2 dm+1,p—m—l dm—}—l,p,—l dm+1,/,z
I, 0 0 0 0
0 I, 0 0 0
0 0 I, 0 0
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where
djk = =bj1Ak + b1 (1 <j <m,k < p),
dj# = — le# (1 S j S m),dm+1,k = —Ak (l S ]{} S ;L) (25)
Hence,
m+1 m
Trace Dy, pmy1 = Z Trace dgy = Trace (—Ams1 + Z —br1 Ak + b g+1)-
k=1 k=1
R R (2.6)
According to (2.2), B, has the form T}, 1, Bi has the form T, 5, etc. Take
Tym = B
Then A
Dyms1 = B

Let cﬁn) be the entries of AL”(P,Y) = BJl'. Then according to (2.3) and (2.4),

m—+1 m m
c;k ) 7c§.1 ) A, +c;,kzrl (k < w);
C;ZH_I) = —c;T)AH (1<j<m); cf}i’fll,)c = —Ayg.

Thus, by (2.6),

Trace BZ‘+1 =Trace (— Apy1 + Z _Cl(cT)Ak + Cl(cnllc)ﬂ)
k=1

Taking m = 2,3, ..., we can assert that Trace B;T depends on Ay, ..., A,,, only,
and . .
Trace By, = Trace B}, 1,m < p.

This proves the required result. Q. E. D.
The assertion of Theorem 11.2.1 follows from Lemmas 11.1.1 and 11.2.2.

In particular, ~ .
51(P) = Trace By = —Trace Ay

and
55(P) = Trace B2 = Trace (A% — 24,). (2.7)
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11.3 Imaginary parts of characteristic values of polyno-

mial pencils

Again consider the polynomial pencil

= f: Ak/\uik.
k=0

Put
o
= > N3 (Ap) +n(p—1),

k=1

where No(A) is the Hilbert-Schmidt norm of a matrix A: N2(A) =

In addition, for a t € [0,27) put
X(P,t) := 7(P) + Re Trace [¢*" (A? — 2A,)).

Theorem 11.3.1 For any t € [0,27), the relations

un pun

Trace (A*A).

T(P) = > |a(P)? = x(P,t) =2 (Re e z(P))* > 0

k=1 k=1
are true.

To prove this theorem, we need the following result.

Lemma 11.3.2 Let B = (bji)7%_, be a block matriz with submatrices bjj.

Then

Proof: We have

m

m
N2Z(B) = Trace B*B = Trace Z bibrj = Z N3 (byj)-

k=1 jik=1

This proves the lemma. Q. E. D.

Proof of Theorem 11.3.1: For simplicity, again put A(]-:’) =

Thanks to Lemma 1.9.2, for any n x n-matrix A, we have

A.

=D (AP =2N5 (A7) =2 [Im A(A),
k=1

k=1
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where A; = (A — A*)/2i. We use that lemma with A = ie’* A. Then

Z‘)‘k 7N2(itA+€7itA*)
18 R .
-3 D e Ne(A) + e TR (A) (3.2)
k=1
In addition,
—Ajelt —e AT et — Age .. —A,_qet —A,e"
S Iett — Ase™ 0 0 0
A+ A e = —Aje” er, 0 0
—A;e_” 0 etl, 0

Simple calculations and the previous lemma show that N3(A) = 7(P) and

( ztA+6 ztA*)/Q_NZ(Alezt+A* 7zt)/2

I
+N3 (I — A2e®™) + > N3 (Ag) + (1 — 2)n.
k=3
So
N3(eA+e ™ A%) /2 = N3(A)) +Trace (A2e* 4 (A})%e™2) /2 +n+ N3 (As)

"
—Trace (Aze* + Ase ") + Z N2(A) +n(u—2) = x(P,1).
k=3

Hence (3.2) and Lemma 11.1.1 imply the required result. Q. E. D.

Note that
X(P, w/2) = —Re Trace (A% —245) + 7(15)

and ) )
x(P,0) = Re Trace (A% —245) + 7(P).
Now Theorem 11.3.1 yields

Corollary 11.3.3 The following relations are valid:

Z |z (P x(P,7/2) — 22 (Im z,(P))?

k=1

=X(P,0) =2 (Re (P))* > 0.
k=1
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From this corollary it follows that

Z|z;€ )2 < 7(P),

un

23" (Im 24(P))* < x(P,/2)

k=1
and

23" (Re z(P))* < x(P,0).
2

235

(3.4)

Note that inequalities (3.3) and (3.4) can be directly proved by Lemma 11.1.1
on the linearization and the Weyl inequalities, but Theorem 11.3.1 gives us

an additional proof.

11.4 Perturbations of polynomial pencils
Consider the pencils

ZAkA“ ¥ and Q(A ZBk)\” F (Ag =By =1I,,)
k=0

with constant n x n-matrices Ag, Br (k=1,...,u). Put

91(P) = [Trace ( ZAkAk +n(p—1) Z\zk 2172

and 90t
. 1 1 91 (P) 1 (un—1)/2
P = —11 1 .
§(P,y) y[ +/m_1( M )] (y > 0)
Since,
un . un - ~
S (PP = 1) 2 (P)] = [52(P))
k=1 k=1

by (2.7), we have

m
g1 (P) < [Trace (Z ApAf) — [Trace (A — 245)| +n(p —1)] /2

k=1

Finally, put
~ 1 2
4(P,Q) = Z 14, — Bil* ]2,
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Theorem 11.4.1 Let P and Q be defined by (4.1). Then for any character-
istic value 2(Q) of Q(z), there is a characteristic value z(P) of P(z), such
that ~ ~ o

|Z(P) - Z(Q)| < T(P7 Q)a

where (P, Q) is the unique (positive) root of the equation
q(P,Q)&(Py) = 1. (4.2)

Proof: Take the matrix A(P) defined in Section 11.1 and the matrix

"B By .. —B,.. -B,
o L, 0 . 0 0
B(Q) := 0 I, .. 0 0
0 0 I, 0

It is not hard to check that
a(P,Q) = | A(P) = B(Q)llnp

where .||, means the Euclidean norm in C™*.
Because of Theorem 1.7.3, for any eigenvalue A\(B 3(Q)) of matrix B(Q),
there is an eigenvalue A; (A(P) of matrix A(P), such that

X(B(Q) = Mi(A(P))] < 2(Q, P),

where 2(Q, P) is the unique positive root of the equation

~, ) A 2 pun—1)/2
Q(PyQ) [1_‘_’“”171(1_1_ (ygp)))}( )/ -1

Simple calculations show that
g(A(P)) = g1(P).

This and Lemma 11.1.1 prove the theorem. Q. E. D.

Denote o ~
po :=q(P,Q)&(P, 1)

and

R pn—1 if <1
50(P. Q) ;:{ Veo o<

Po ifpo >1

Because of Lemma 1.6.1,
r(P,Q) < do(P, Q).

Now Theorem 11.4.1 implies
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Corollary 11.4.2 Let~]5 and Q be defined by (4.1). Then for any charac-
teristic value z(Q) of Q(z), there is a characteristic value z(P) of P(z), such
that

|2(P) = 2(Q)] < 6(P, Q).
Let us consider perturbations of polynomials with triangular matrix coef-
ficients. Let .
Bj = (bgjk))?,kzl (.7 = 17 7”)
be arbitrary n x n-matrices. In addition, let v;, w; and d; be the upper nilpo-
tent, lower nilpotent, and diagonal parts of B;. So

Bj:Uj+dj +w]-.

Take A; = v; 4+ d;. That is, A; is the upper triangular part of B;, and
according to the notations of the previous section P(z) is the upper triangular
part of Q(2). Therefore

Under consideration, we have

1
=p:= |1
po=p [+;m—1

)} (un—1)/2

(1+g7

and 50(]5, Q) = 5, where
5o { o ifp <,

P ifp>1

Since P is a triangular matrix, the characteristic values of P are the roots
Ry, ..., Ry of the diagonal polynomials.
Because of Corollary 11.4.2, we get

Corollary 11.4.3 All the characteristic values of Q lie in the union of the
sets ~
{z€eC:|z—Rj| <o} (=1, k=1,...,n),

where Rj, (j = 1,..., 1) are the roots of the diagonal polynomials

N DN b (R =1,..,m).
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For instance, let us consider the polynomial pencil Q()\) = AT+ B+ By,
where
Bj = (b)) ik (G=1.2).
Then
Rip = —b{}) 12+ (643 /2)% = bf3]
and
Ry, = =b3) /2 =\ (b3 /2)? = b3
Now, we can directly apply Corollary 11.4.3.
Finally, let us point a corollary of Theorem 1.7.5.

Corollary 11.4.4 Let P and Q be defined by (4.1). Then

|det (P(2)) — det (Q(2))|

< DaPC) QD) (1 Ly (Pe) - Q) + s MaPL) +O(21) -

11.5 Multiplicative representations of rational pencils

Let B(C™) be the set of linear operators in C™ (the set of n x n-matrices).
Let Ey, (k=1,...,n) be the mazimal chain of the invariant projections of an
A € B(C"™). That is, E}, are orthogonal projections,

and
0=FE,C"C E;C"C..CE,C"=C".

So dim AFE, = 1. Here
AEy = Ep— Ejq (k=1,..,n).
We use the Schur triangular representation
A=D+V. (5.1)

(see Section 1.5). Here V is the nilpotent part of A and
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is the diagonal part. For X1, X, ..., X,,, € B(C") denote

f[ Xk = X1X2Xm

1<k<m

That is, the arrow over the symbol of the product means that the indexes of
the co-factors increase from left to right.

Lemma 11.5.1 For any A € B(C™), the equality

—

ARA(A) =— [ (T+
1<k<n

AAE}
o) AEOAA£O)

is valid, where Ey, k = 1,...,n is the maximal chain of the invariant projec-
tions of A.

Proof: Denote Ey, = I — Ej,. Since
A= (Ey+ Ey)A(E, + Ey) forany k=1,...,n
and F1AF, = 0, we get the relation
A= E\AE; + E\AE, + E\ AE,.
Take into account that AE; = E; and

ElAEl = Al(A)AEl

Then R o
A=XM(A)AE, + E1AE, + E1AE,
= M(A)AE, 4+ AE;. (5.2)
Now, we check the equality
RA(A) = n(N), (5.3)
where
AF; AFE;

n(A) :

TN =2 ) BB ELRA(A)EL

In fact, multiplying this equality from the left by A — I\ and taking into
account equality (5.2), we obtain the relation

(A—INn(\) = AE, — AEyAE Ry(A)Ey 4+ (A — INE1Ry\(A)E).
But ElAEI = ElA and thus

E1R\(A)E, = E1R\(A).
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That is, we can write out
(A—TINn\) = AE; + (~AFB A+ A — TN E R\ (A)

= AE, + E1(A—INR\(A) = AE, + B, = I.

Similarly, we multiply (5.3) by A — I\ from the right and take into account
(5.2). This gives I. Therefore, (5.3) is correct.
Because of (5.3)
I— AR\(A)

= (I — (M(A) = N)TAAE) (I — AE1Ry\(A)Ey). (5.4)

Now we apply the above arguments to operator AE,. We obtain the following
expression which is similar to (5.4):

I — AE R\(A)E, =
(I — (\o(A) = N)"LAAEy) (I — AEyR\(A)Ey).
For any k < n, it similarly follows that

I — AELRy\(A)E},

AAEk+1 ~ ~
=I———F"——F——)I—-AE, 1 R\(AE .
( e (A) 7)\)( k10 (A) Ej41)
Substitute this in (5.4), as long as k = 1,2,...,n — 1. We have
- AAE, . ~
I — AR\(A) = ———— I - AE,_ AE,_1). .

1<k<n—1

It is clear that E,_; = AE,,. That is ,

AAE,

I - AE AE =4+ ——F—.
an/\( ) n—1 +)\*>\n(A)

Now the identity
I — AR)(A) = —ARx(4)
and (5.5) imply the result. Q. E. D.

Let A be a normal matrix. Then
A=Y "M(A)AE;.

Hence, AAE), = M\,(A)AE). Since AELAE; = 0 for j # k, Lemma 11.5.1
gives us the equality

n

ARN(A) = = > (T + (A= Me(A) T M (A)AEy).

k=1
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But .
I= Z AEL.
k=1

The result is

n

Or
—~ AE
B =2 5

k=1
We have obtained the well-known spectral representation for the resolvent of
a normal matrix.
Thus the latter lemma generalizes the spectral representation for the re-
solvent of a normal matrix. In particular it implies

—

(I-A4~"= ] o+ %) (1 ¢ a(A)). (5.6)
1<k<n
Again let
P(z) =Y 2"FAp (z€C; Ag=1I,), (5.7)
k=0

where Ay, k=1,2,...,u are constant n X n-matrices. Put

U(z) = P(z) — 2" = ZAkz“_k.
k=1

Then the matrix inverse to P(z) for a fixed z equals

) = Z%(I + Ziu‘l’(z))_l-

By (5.6), we get the main result of this section.

Theorem 11.5.2 For any z € %(P) U {0}, the equality

51,y L _ U(2)AEk(z) N = EBu(P. o) — 5,
P7l(z) = IT @ B0 ) (AEk(2) = Ey(P,2) — Ex_1(P, 2)),

1,...,n is the maximal chain of

is true, where Eo(P,z) = 0;_ Ewr(P, ), k =
(P(2)) are the eigenvalues of matrix

the invariant projections of P(z) and A
P(z).
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Let us establish another multiplicative representation for the considered
class of rational matrix functions.

Lemma 11.5.3 Let V € B(C") be a nilpotent operator and Ey, k=1, ...,n,
be the mazimal chain of its invariant projections. Then

—

(I-v)"'= [] U+VAE). (5.8)

2<k<n

Proof: In fact, all the eigenvalues of V' are equal to zero, and VAE; = 0.
Now Lemma 11.5.1 gives us relation (5.8). Q. E. D.

Relation (5.8) allows us to prove the second multiplicative representation
of the resolvent of A.

Lemma 11.5.4 Let D and V be the diagonal and nilpotent parts of A €
B(C™), respectively. Then

—

R =m0 [ T-5pos) Gga@). 69
2<k<n
where By, k=1, ...,n, is the mazximal chain of invariant projections of A.
Proof: Because of (5.1),
Ry(A)=(A-A)"'=(D+V -=A)"' =R\(D)I +VR\(D))™".
But VR)(D) is a nilpotent operator. Take into account that
RA(D)AE, = (\(A) — N TAEL.
Now (5.8) ensures the relation (5.9). Q. E. D.

The previous lemma gives us the equality

IR VAE,
A7t=p' ] [Ifkk(A;“}

2<k<n

—

for any invertible operator A. y
Now replace A by P(z) and denote by D(z) and V(z
nilpotent parts of P(2), respectively. Recall that £y (P,
maximal chain of invariant projections of P(z), and
AEk(Z) = Ek(P, Z) — Ek_l(P, Z)
Then the previous equality with A = P(z) implies.
Theorem 11.5.5 Let P be defined by (5.7). Then

) be the diagonal and
z), k=1,...,n, is the

— ~

5100 _ 10 _ V(2)AE(2)
P'(z)=D <>2S1;[Snu )

for any z ¢ $(P).
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11.6 The Cauchy type theorem for polynomial pencils
Consider in C*" the operator defined by the block matrix

A11 A12 PN Al,u
T— A21 A22 ‘e AQ# ’ (61)
An A .. A

where Ajj, are n x n-matrices. Put

where the norm is understood as the operator norm with respect to the Eu-
clidean norm. Consider the matrix

M = (mjk);,kzl'

Lemma 11.6.1 The spectral radius of T is less than or is equal to the spectral
radius of M.

Proof: Let A(.l,;) and mg.l,;) (v = 2,3,...) be the entries of T and MY,
respectively. We have

I
2
A = 11> A Al

0 “
2
< Al Aul = 2 mymu, = m(3).
=1 1=1
Similarly, we get the inequality
]k' - ]k 9Dy eeey ,77 g ey .

But for any h = {hy € C"};_,, we have

Iz 7 I3 3
ITR|2, <377 1A0hl)? Z > mnllhill)* = || MR|I2,
j=1 k=1

j=1 k=1

where

h={llhl}iz,

and |.||,, is the Euclidean norm in C*. Since

14
1Rl7, = D kll? = (1R
k=1
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we obtain
1T [l < [[MY]] (v =2,3,...).

Now the Gel’fand formula for the spectral radius yields the required result.
Q. E. D.

Furthermore, Lemma 11.1.1 and the previous lemma imply the main result
of this section.

Theorem 11.6.2 Let
mie = [|Ael (k=1,2,...p).
Then the spectrum of the pencil P(\) = A" + A, A1 4 ...+ A,, lies in the set
{ze C:|z| <7},

where T is the unique positive root of the equation

m
ZH = E my 2tk
k=1

11.7 The Gerschgorin type sets for polynomial pencils
Let T be the block matrix defined as in the previous section and

m
mi= > Al

k=1,k#j

We need the following generalized Hadamard criterion for the invertibility of
block matrices, cf. [Gantmacher, 1967].

Lemma 11.7.1 Let T be defined by (6.1) and Aj; (j =1,..., 1) be invertible
matrices. In addition, let

14 > (= 1,2.). 1)
Then T is invertible. Moreover, if

ma | (435 = )7y < 1.

then A is a reqular point of T.
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Proof: Put

D = diag [A11, ..., Auul
and W = A — D. That is, W is the off-diagonal part of T, and

T=D+W=D(+D'W). (7.2)
Clearly,
[e o]
> A Ajell < mill A
k=1,k#j

From (7.1), it follows
L=l A5 0 = 14551 le G =1,2,..)
for a sufficiently small € > 0. Therefore,
[e o]
max Y A5 Al < 1. (7.3)
k=1,k#j

Then thanks to the well-known bound for the spectral radius (see Section 1.1)
and Lemma 11.6.1, the spectral radius 7,(D~ W) of D~'W is less than one.
Therefore, I+ D~'W is invertible. Now (7.2) implies that T is also invertible.
This proves the lemma. Q. E. D.

From the previous lemma, our next result immediately follows.

Corollary 11.7.2 The spectrum of T' lies in the union of the sets

(A =N =1 (G =1,.., ).
The latter corollary and Lemma 11.1.1 yield the main result of this section.

Theorem 11.7.3 Let P be defined by (5.7). Then its spectrum lies in the
union of the sets

i
A< 1 and (A + N7 Y (AR > 1.
k=2

11.8 Estimates for rational matrix functions

Let A = (ajx) be an n x n-matrix. The quantity

g(4) = (N?(4) = 3 () (8.1)
k=1
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introduced in Section 1.5 plays a key role in this section. Recall that the
relations

PA) < SN - A), (52)
g*(A) < N?(A) — |Trace A2, (8.3)

and
g(em A+ 2I) = g(A) (8.4)

are true for all 7 € R and z € C (see Section 1.5).
Thanks to Corollary 1.8.5, the resolvent Ry(A) = (A — AI)~! of a linear
operator A in C" satisfies the inequality

n—1
(4)
| R ( for any regular point A of A, 8.5
[RA(A I\_Z\ﬁkH(A/\) y regular p (8.5)
where p(A,\) = ming=1,._n» |[A — Ax(4)].

Let A be an invertible n x n-matrix. Then by (8.5)

k
- 9" (A)
A= < ; (8.6)
kzzo VElpg T (A)
where po(A) = p(A4,0) is the smallest modulus of the eigenvalues of A:
po(d) = inf |Ax(A)].
Again consider the polynomial
14
=D A (A = 1) (8.7)
with matrix coefficients. According to (8.4),
m
= g(z /\HikAk)7
k=1
since Ag = I,. Because of (8.6), we can write out
1P P(z)) (8.8)

onsE ey

where

for a fixed z.
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Directly from the definition of g(.) and (8.4), it follows that

9(P(2)) < 3 I No(Ay).
k=1

Moreover, thanks to (8.2), with the notation
Arr = (Ax — A) /24,
we have

9(P(2)) S V2 NPT Ny(An)
k=1

provided A is real.
Since

det P(z) = H Me(P(2)),
k=1

a number z is a characteristic value of P(z) if and only if po(P(z)) = 0. We
thus have proved the following result.

Theorem 11.8.1 Let P be the polynomial matriz pencil defined by (8.7).
Then for any z & X(P), inequality (8.8) holds.

Now let us use Theorem 1.5.1, which gives us the inequality

1
(4,2)

1
n—1

g*(4) ek

[+ 2TAN

1A= A7 < ; (1+

for any regular A of an n X n-matrix A. Let A be invertible. Then

1+ni1(1+gz(’4))]("‘””. (8.9)

AT <
4 P3A)

po(A) [
Hence, we arrive at our next result.

Theorem 11.8.2 Let P be the polynomial matriz pencil defined by (8.7).
Then for any z & X(P) the inequality

p—1(, 1 1 g*(P(2)) (n—1)/2
S T B T ST E T

holds.
Furthermore, as it is proved in Section 1.4,
(TN — A)~t det (M — A)||

N2(A) —2Re (X Trace (A)) +n|\?
n—1

< ]V (g o(a)).
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Hence, it follows

s 02 o).

A~ det A|| < (

We thus get the inequality

1 NyTHP(R) -
= \det P(z)| (n — 1)(n=1)/2 (= & B(P)). (8.10)

Consider the pencils

1P~4(2)

ZAk)\” " and Q(A ZBW F(Ag=Bo=1,) (811

k=0 k=0

with constant n x n-matrices Ag, By (k=1,..., ).
Put

g(A) = [POY) = QM)II,
where ||.|| denotes the Euclidean norm, again.
Let us prove the following simple lemma.

Lemma 11.8.3 Each characteristic value 1 of Q() either coincides with a
characteristic value of P(.), or satisfies the inequality

a7 ()l = 1.
Proof: Suppose that for some characteristic value p of B(.), the inequality
()| P~ ()]l < 1 (8.12)

holds. We can write

Therefore,

Q™ (Il < 1P~ ()l + a(IQ™ (W I P~ ()]
Condition (8.12) yields the relation

Q™ (Wl < 1P~ (m)lI(X — q(p)) .

Thus, (8.12) implies that p is a regular point of B(.). That contradiction
proves the result. Q. E. D.

Now Theorem 11.8.1 implies our next result.

Corollary 11.8.4 Each characteristic value p of Q() either coincides with
a characteristic value of P(.), or satisfies the inequality

> 1.
kzo p’é“ P(u \F

Similarly, one can apply Theorem 11.8.2 and inequality (8.10).
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11.9 Coupled systems of polynomial equations

Let us consider the coupled system
fl@y) =g(x,y) =0, (9-1)

where
mi ni

Py =30 apa™ 9y (amyn, #0)

=0 k=0

and
mo N2

g(l’, y) = Z ijkzmz—]ynz—k (bm2n2 # 0)
j=0k=0
The coefficients a;, bj; are complex, in general.

The classical Bezout and Bernstein theorems give us bounds for the to-
tal number of solutions of a polynomial system, cf. [Gel'fand et al., 1994],
[Sturmfels, 2002]. But for many applications, it is very important to know
the number of solutions in a given domain. In the present section, we estab-
lish an estimate for the sums of absolute values of the roots of (9.1) in some
domains. By that estimate, we get a bound for the number of the roots of
(9.1).

A pair of complex numbers (g, &) is a solution of (9.1) if f(Z,9) = g(Z,7) =
0. Besides Z will be called an X-root coordinate (corresponding to §) and ¢ a
Y-root coordinate (corresponding to Z). All the considered roots are counted
with their multiplicities.

Put

ny n2
a;(z) = apz® (G=0,.,m1), bj(2) =Y bjxz* (j=0,.,ma) (92)
k=0 k=0

and m = mq +ma. The following matrix pencil (the m x m Sylvester matrix)
plays an essential role in the theory of polynomial coupled systems:

ap a1 Qa2 ... Q-1 G, 0 0o ... 0
0 a a1 ... @m;—2 Gmi—1 am, 0 ... 0

. o o0 0 ... ag ay ay  az ... Qm,
SO=1 1 b b . b, 0 0 0 ... 0
0 by b1 ... bmy—1 by 0 0o ... 0

o o0 o0 ... bo by by b3 ... by,

with ar, = ai(z) and by = bg(2). Put R(z) = det S(z) and assume that
R (0) #0. (9-3)
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Furthermore, denote

O(R) = [ /OW|R(€Z) 2at 1]

27 R(0)
Clearly,
R(z)
O(R) < |il\l:pl ’m| (9.4)

Theorem 11.9.1 Let condition (9.3) hold. Then the Y -root coordinates yj,
of (9.1), ordered in the decreasing way: |yr| > |yk+1|, satisfy the a priori
estimates

J
Z lye]l <O(R)+j (j =1,2,...,nRr), where ng :=deg R(z).
k=1

Proof: Let f,(z) :=1+c1z+ ... + ¢,2™. Then by Theorem 4.3.1 its zeros
2k (fn) ordered in the increasing way satisfy the inequalities

J 27
1 . 1 ; 1/2
<j+ —/ fale®)Pdt —1]7"". 9.5
S ot <9 (o ) Mt P =] (9.5)
Put
mi Mmi ] m2 N2 .
F(z,2) = ZZajkmmlﬂzk7G(x, 2) = Zijkxmrjzk.
§=0 k=0 §=0 k=0

Rewrite (9.1) as
y" F(z,1/y) = y*G(x,1/y) = 0.

Any nonzero Y-root § of (9.1) is connected with a nonzero Y-roots Z of the
system
F(z,2) =G(z,2) =0 (9.6)

as = 1/z. But
F(z,2) = ap(2)z™ + ... + am, (2), G(x, 2) = bo(2)x™? + ... + by, (2).

Therefore, the resultant corresponding to (9.6) is R(z) [Milovanovié¢ et al.,
1994]. That is, any possible Y-root coordinate Z of (9.6) is a root of R(2).
Now (9.5) with

R(z)

R(0)

fau(2) =

and the relation § = 1/Z, where 7 is a Y-root coordinate to (9.1) imply the
required inequality. Q. E. D.
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By the previous theorem, the Y-root coordinate y; of system (9.1) satisfies

the inequality
O(R
il <1+ (T)

Thus, (9.1) has in the set

{ZGCZ|Z‘§1+@}

no more than ng —j+1 Y-root coordinates. Similarly, the X-root coordinates
can be investigated.

11.10  Vector difference equations

The present section is devoted to the vector difference equation
S Apogo(t+k)=f(t) (Ao=T1; t=m,m+1,..) (10.1)
k=0

with constant matrix coefficients Ay, a given vector sequence f = {f(¢) €
C"}22,, and the zero initial condition

U(k) :O7 k:0717"'7m_1' (10.2)

Introduce the characteristic pencil

P(z) = 2" 4+ A2 4+ A
The Z-transform F'(z) = (Zf)(z) of sequence f = {f(k)}32, under the con-
dition
1 £(5)|| < const j* (v = const,j=1,2,...)
is defined by

F(z) =) fz(’,f).
k=0

The inverse Z-transform is given by

1) = gz [ VPO ax

T 9mi

Here Cj is a closed Jordan contour containing all the singularities of F(z).
Applying the Z-transform to problem (10.1), (10.2), we get

V(z) = P (2)F(2),
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where V() is the Z-transform of the solution v(t). By the inverse Z-transform,
a solutions of problem (10.1), (10.2) can be represented by

1
omi

o(t) = /C ML F(A) d.

Here C is a closed Jordan contour containing all the zeros of det P(z) and
singularities of /'(z). Now Theorems 11.8.1 and 11.8.2 allow us to estimate
|[P~1(2)| and therefore, to estimate the norm of the solution of problem

(10.1), (10.2).
The homogeneous equation

m

ZAm,kx(tJrk) =0 (t=m,m+1,...) (10.3)
k=0

is said to be asymptotically stable if any its solution tends to zero as t — oo.
It is not hard to check that equation (10.3) is asymptotically stable, provided

Fo(P) := max |zi(P)| < 1. (10.4)
Here zg (15) (k = 1,...,mm) are the characteristic values of P. By Theorem

11.6.2 and Lemma 1.6.1, and Corollary 1.6.2, we can assert that equation
(10.8) is asymptotically stable provided one of the following inequalities

>4l < 1, (10.5)
k=1
or
Qm?X VAl <1 (10.6)
holds.

Now let us return to problem (10.1), (10.2). Let

1

27
1P = o [ 1P Pt < o
T Jo

If condition (10.4) holds, then taking into account that
VI < IPH @IIFE)]
we have

IV (eM)llz2 < sup 1P~ EIF )]l 2z

|z1=1

Furthermore, let f € I2(C"). That is,

1117 = Z IF(R)I* <
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Then, by the Parseval equality, we have

1Flliz = 1F (™)l -

Therefore, _ R
IV (el < Sup 12~ (21111 £ le=-

z|=1

Again, applying the Parseval equality, we obtain

[vll2 < sup 1P~ )1l
2=

So, we can assert that a solution of problem (10.1), (10.2) is in 1>(C™) provided
one of conditions (10.5) or (10.6) hold.

11.11 Comments to Chapter 11

Lemma 11.1.1 is well known, cf. [Rodman, 1989]. Theorem 11.1.2 is
taken from [Gil’, 2003c]. Theorem 11.2.1 appears in the paper [Gil’, 2008a].
Theorem 11.3.1 has been proved in the paper [Gil’, 2008¢c] in the more general
situation. The material of Sections 11.4 and 11.5 is adopted from the paper
[Gil’, 2005d]. Theorems 11.6.2 and 11.7.3 are probably new. The material of
Section 11.8 is adopted from [Gil’, 2003a]. Theorems 11.9.1 is probably new.
In Section 11.9, we use the approach based on the resultant formulations,
which has a long story; the literature devoted to this approach is very rich,
for example, [Gel'fand et al., 1994], [Sturfmels, 2002]. We combine it with
above derived estimates for the zeros of polynomials.

Polynomials with matrix coefficients arise in various applications, in par-
ticular, in the theory of vector difference equations, for instance, see [Kol-
manovskii and Myshkis, 1998]. The theory of polynomial matrix pencils is well
developed, for example, the well-known book [Gohberg, Lancaster, and Rod-
man, 1982] and references therein. The spectrum of polynomial matrix pencils
was investigated in many works. In particular, in the paper [Psarrakos and
Tsatsomeros, 2004], the authors present an extension of the Perron-Frobenius
theory to spectra and numerical ranges of Perron polynomials. Their approach
relies on a companion matrix linearization. They also examine the role of the
matrix polynomial in the multistep version of difference equations and provide
a multistep version of the fundamental theorem of demography. The paper
[Psarrakos and Tsatsomeros, 2002] deals with the stability radius of a matrix
polynomial P(\) relative to an open region ) of the complex plane, and its re-
lation to the numerical range of P()) are investigated. Using an expression of
the stability radius in term of A on the boundary of Q and ||[P(\)~}|, a lower
bound is obtained. This bound for the stability radius involves the distances
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254 11. Polynomials with Matriz Coefficients

of  to the connected components of the numerical range. The special case of
hyperbolic matrix polynomials is also considered in that paper. Many papers
are devoted to perturbations of the spectrum of polynomial matrix pencils.
In particular, the paper [Ahues and Limaye, 1998] deals with linear matrix
pencils. Besides, an error bound for eigenvalues is established. In the paper
[Gracia and Velasco, 1995], stability of invariant subspaces of regular matrix
pencils is considered. In the paper [Higham and Tisseur, 2003], upper and
lower bounds are derived for the absolute values of the eigenvalues of matrix
polynomials. The bounds are based on norms of coefficient matrices. They
generalize some well-known bounds for scalar polynomials and single matrices.
In the paper [Li, R.-C., 2003] and references given therein, perturbations of
eigenvalues of diagonalizable matrix pencils with real spectra are investigated.
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In this chapter, we consider entire matrix-valued functions of a complex argu-
ment (entire matrix pencils). Bounds for the characteristic values are derived
in terms of the Taylor coefficients. A matrix-valued function of a complex
argument is called a meromorphic matrix function if its determinant is a
meromorphic function. In the present chapter, we establish the multiplicative
representation for a class of meromorphic matrix functions, namely, for the
inverse entire matrix pencils.

12.1 Preliminaries

Our main object in this chapter is the matrix

FQ) = (£ixN)f k=1

dependent on the complex argument A. If all the entries fjz()\) are analytic
in a domain W of C, then F()) is said to be analytic in W. A zero z;(F)
of det F(z) is called a characteristic value of F. The collection of all the
characteristic values of F' with their multiplicities is called the spectrum of F
and is denoted by X(F).

The following Cauchy formula holds: if F' is analytic in W and L is a
simple rectifiable closed curve in W the interior of which is contained in W,

255
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256 12. Entire Matrixz Valued Functions

Flzo) = — /LF(Z)dZ (20 € W).

211 z— 2

then

If
L={ze€C:|z—z|=r},

then, we have

27
F(z) = i/ F(z0 + re')dt.
0

2m
Consequently,
1 27 ;
1 (z0)[l < 7/ 1F'(z0 + re™*) | d. (1.1)
T Jo
Recall that ||.|| means the Euclidean norm in C™ although in this section and

sometimes below one can use an arbitrary norm in C”.

From (1.1), it easily follows that the function z — ||F(2)] can have no
maximum interior W except F'(z) is constant.

Recall that a scalar-valued function u defined on a domain W of C is upper
semicontinuous if for all zg € W

lim supu(z) < u(zp).

z—20
Besides, a function w is said to be subharmonic in W, if it is upper semicon-
tinuous and satisfies the mean inequality

1 (7 .
u(zp) < —/ u(zo + re')dt

T 2m .

for any closed disc €(zg,r) contained in W. As above zy € C is the center
and r is the radius of Q(zg, ). A function w is harmonic if both v and —u are
subharmonic.

From (1.1), it follows that ||F(2)| is subharmonic in W. Moreover, as
it is well known, if F' is a matrix-valued function analytic in W, then the
function In | F(z)| is subharmonic in W, c¢f. Theorem 3.3.1 from the book
[O. Nevanlinna, 2003, p. 38].

Recall also that 75(A) means the spectral radius of an operator A. So

rs(F(2)) = max [Ar(F(2))],

where A\, (F(z)) (k =1,...,n) are the eigenvalues of matrix F'(z) for a fixed z.
Let F be a matrix-valued function analytic in W. Then the functions
Inrs(F(z)) and rs(F(z)) are subharmonic in W, cf. the well-known Theorem
14.4.1 from the book [Istratesku, 1981, p. 509].
Furthermore, if all the entries f;;()\) are entire functions, then F'(\) is
said to be an entire matrix-valued function of a complex argument (an entire
matriz pencil).
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For an entire matrix pencil F, let p (det F'(.)) be the order of its determi-
nant. Then
p (F):=p (det F(.))

will be called the order of F. That is, the order of F(z) coincides with the
order of its determinant. Clearly, an entire pencil F' can be represented by

the Taylor series
A) =) MGy,
k=0

where Cy, k = 1,2, ... are constant n X n-matrices and the series converges
for all finite A € C.

12.2 Partial sums of moduli of characteristic values
Let Ay, k=1,2,... be n X n-matrices. Our main object in this section is
the entire matrix pencil

o0

k
N=) (QWA,C (Ag=1I,,A € C) (2.1)

with a finite v > 0. The characteristic values of F' with their multiplicities
are enumerated in the nondecreasing way: |zi(F)| < |zr+1(F)| (k= 1,2,...).
If F has a finite number [ of the characteristic values z(F'), we put

1
=0fork=1+1,1+2,...
2z (F)
We restrict ourselves by the root-factorial representation (2.1) for the brevity,
only, but our arguments below are valid in the case of the i-representation,
in particular, in the case of the Mittag-Leffler representation (see Chapter 5).
Suppose that

o0
the series Op = [Z AkAZ]l/z converges. (2.2)
k=1

Recall that the asterisk means the adjointness. So ©F is an n X n-matrix and
under (2.1) and (2.2), by the Hélder inequality, it follows that

k/
120 >||<moz oL g [ Y2 Z'”' "

kO k=0

<m P (y o 1p = 1),
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where

1
mo—supHAkH mi =mg ZQ kp v
k=0

So function F has order no more than 1/~.
Furthermore, put

wi(F) = M(OF) for k=1,...,n and wi(F) =0 for k > n+ 1.

Theorem 12.2.1 Let condition (2.2) hold. Then the characteristic values of
the pencil F defined by (2.1) satisfy the inequalities

k=1 7k k=1

<Z %} (G=1,2,..).

The proof of this theorem is presented in the next section.
Note that the case

a(F) = mkﬁoo \k/ ||Ak|| < 00,

formally more general than (2.2), can be easily reduced to (2.2) by the sub-

stitution
z

2a(F)’
From Theorem 12.2.1, it follows that

A=

Therefore, F' has in
|| < ]
S [wn (F) + (Z=opd

no more that than j — 1 zeros. Let vp(r) be the counting function of the
characteristic values of F'in |z| < r. We thus get.

Corollary 12.2.2 Let the pencil F'(z) defined by (2.1) satisfy condition (2.2).
Then the inequality ve(r) < j — 1 is valid for any
, J
T Yieilwn(F) + ]

Put
nY

(k+mn)
The following result is due to Lemma 1.2.1 and Theorem 12.2.1.

Xt = wi(F) + (k=1,2,..).
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Corollary 12.2.3 Let ¢(t) (0 <t < 00) be a continuous convex scalar-valued
function, such that ¢(0) = 0. Let F be defined by (2.1) under condition (2.2).
Then the inequalities

J

k=1 k=1

are valid. In particular, for any r > 1,

k=1 k=1
and thus
QEELINRTV PN 1 N Uty
r r r 5 ) B
[Z|2k(F)H < [Zwk(F)] +n [Z(k—kn)m] (j=1,2,..)
k=1 —1 =
(2.3)
Furthermore, assume that
ry>1,r>1 (2.4)
Then N
1

Relation (2.3) with
- r 1/r
No(0r) = [ S ap©r)]"
k=1

yields our next result.

Corollary 12.2.4 Let the pencil F(z) defined by (2.1) satisfy conditions (2.2)
and (2.4). Then the inequality

- 1 1/r n'y 1/r r

s valid.

In particular, if v > 1, then taking into account that (;(vy) := ((v) — 1,
where ( is the Riemann zeta function, we get the inequality

Z WlF)\ < N{(®p) +n7(C(y) = 1).
k=1

Now consider a positive scalar-valued function ®(t1,ts, ...,t;) with an integer
j, defined on the domain

Ogtjgtj_1§t2§t1<oo
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and satisfying

od od od
=7 T S 0fort; >t >t 2.
o > o 7 >at >0 forty >ty > ... >t (2.5)

Corollary 12.2.5 Under the hypothesis of Theorem 12.2.1, let condition (2.5)
hold. Then

1 1 1

BT @ @) < P x):

Indeed, this result is due to Theorem 12.2.1 and Lemma 1.2.2.
In particular, let {d;};2, be a decreasing sequence of non-negative num-
bers. Take

j
D(ty,tg, ... t;) = detk.
k=1

Then the previous corollary yields the inequalities

J 1 J n’
7= < d di [w j=1,2,...).
1; k|zk(F)| I;Xk k= Z o |wr (F (kJrn) ] (J )

12.3 Proof of Theorem 12.2.1
Consider the polynomial matrix pencil

m—k

=3 iy A (Ao =10) (3.1)

k=0

>

with the characteristic values ordered in the non-increasing way:
26(P)] 2 [z (By)] (k= 1, ccoymn — 1),

For a v > 0, let us introduce the block matrix

—A; —Ay . —Ap Ay
=, 0 . 0 0

T(y) = 0 LI, 0 0 (3.2)
0 0 LI, 0

We need the following lemma.

Lemma 12.3.1 The relation det P,(\) = det (M — T(7)) is true.
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Proof: Let z be a characteristic value of P(v). Then

m._m—k

ZO _
> R Aph =0,

k=0

where h € C™ is the eigenvector of F(zp). Put

m—k
_ %0 _
Then -
—1
20Tk = — (k=2,...,m)

and

m Zglik m

Z (k")7 Aph = Z Az + zox1 = 0.

k=0 k=1

So the vector z = (21, ..., Tm) € C™ satisfies the equation T'(y)x = zoz. If
the spectrum of T'(y) is simple, the lemma is proved. If det T(v) has non-
simple roots, then the required result can be proved by a small perturbation.
Q. E. D.

Lemma 12.3.2 The characteristic values of ]37 satisfy the inequalities
i i i b |
;‘Zk(P’YN <Z[wk(F)+m] (j=1,...,mn).

k=1

Proof: Because of the previous lemma,

Me(T(Y)) = z1(Py) (k=1,2,...,nm). (3.3)

Take into account that
ST <D sk(T(H) (G =1, .y nm), (34)
k=1

k=1

where s (T (7)) are the singular numbers of T'(y) ordered in the non-increasing
way (see Section 1.1). But T'(y) = M + C(y), where

—A1 —Ay . —Ap Ay

M= 0 0 .. 0 0

0 0 0 0

and

0 0 0 0

=1, 0 0 0

C(y) = 0 I, 0 0

0 0 LI, 0
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‘We have
0 0 .. 0 0
0 I,/22 .. 0 0
CHy)C*(y)=| 0 0 .. 0 0
0 0 v 0 IL,/m*

Take into account that sx(M*) = wy(F'). In addition,

sp(C* (7)) = (k=jn+10j=0,...,m—2;1=1,..,n)

(G +2)

and
s, (C*(v)) =0 (k=(m—1)n+1; l=1,...,n).

Since j = (k —1)/n and
(k=0/n+2>k/n+1=(k+n)/n,
we can write out,

n”

sk(C*(v)) < m

Thanks to Lemma 1.1.2,

k=1 k=1 k=1 k=1
So ,
> sulT() = o1 () < 3 nlF) + ]

Proof of Theorem 12.2.1: Consider the polynomial pencil

m )\k
Fn(\) =Y = Ap.
= (R
Clearly, N™F,,(1/)\) = P,(\). So
- 1
P = .
Z/c( 'v) Zk(Fm)

Now the latter lemma yields the inequalities
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But the characteristic values of entire matrix functions continuously depend
on its coefficients. So for any j =1,2, ...,

J 1 |
,; EXRI 2 2 ()

as m — oo. Now (3.6) implies the required result. Q. E. D.

12.4 Imaginary parts of characteristic values of entire
pencils

Consider the entire matrix pencil

oo

k
FQA) = kz_o ’;1,;“!?7 (v € (1/2,1]; Ao = I.) (4.1)

with n X n-matrices Ax. Again suppose that condition (2.2) holds. So in the
considered case p(F') < 1/v < 2. Tt is not hard to show that any entire matrix
pencil F of order less than two can be written in the form (4.1) under (2.2),
provided F'(0) = I,,.

Denote

and
Xo(F,t) := 7, (F) + Re Trace [e*" (A} —2'77A,)] (t € [0,2)).

Theorem 12.4.1 Let F be defined by (4.1) and condition (2.2) hold. Then
for any t € [0,2m) the relations

[} 1 o eit 9
(P =2 e~ 00 =20 (Re S) 20

are valid.

This theorem is proved below in the present section.
Note that

7T) =7,(F) — Re Trace (A7 — 277 Ay)

Ff
X'y(>2

and
X~ (F,0) = 7,(F) 4+ Re Trace (A7 — 2177 Ay).

Now the latter theorem yields
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Corollary 12.4.2 If F is defined by (4.1) and condition (2.2) holds, then

[e o] 1 o0
_ =x =
P PvTalE
o 1 )
F.0)—2 Re >0
Consequently,
S ) Y (m ) < (R D)
2 Tqmp =1 2L Um ) =ty
and

e’} 1 9
2> (Re Zk(F)) < x~(F,0).

To prove Theorem 12.4.1, consider the polynomial matrix pencil 137()\)
and block matrix T'(vy) defined as in the previous section. Denote

ST RIS S
k=1 k=2
and for a t € [0,27) put

X~ (Py,t) := Re Trace ** (A2 — 2177 Ay) + 7,(P,).

Lemma 12.4.3 For any t € [0,27), we have the relations

- Z |Zk(]5w)‘2 = X'y(ﬁ'vvt) - QZ(Re eitzk(ﬁw))2 2 0.
k=1 k=1

Proof: Let T'(y) be defined as in the previous section. For simplicity, put
T(y) =T. Let us apply Lemma 1.9.1 to the matrix ie®’T. Then

mn

N3 (T) = (D)

k=1
1 mn .
= 2]\] ( it +e ZtT* Z |6Zt/\k 67”')% (T)|2.

Simple calculations and Lemma 11.3.2 show that N3(T) = 7,(P,) and

1 . ) 1 ) .
iNg(e’tT +e T = §N22(A16” + Ai‘e_’t)
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1 . m B
FNF (o In = Aze™) + Y (NF(Ag) + k™).
k=3

So
1 ; .
S N3 (T +e7T)
1 i .
= N3 (Ar) + §T7“ace (A2e% 4 (AT)2e2it) 4 2727

Trace 277 [e*"" Ay + (€2 A2)*] + N?(As)

(N3 (Ag) +1k™7) = x4 (P, 1).

NE

+

B
Il

3

Hence, (3.3) implies the required result. Q. E. D.

Proof of Theorem 12.4.1:  Consider the polynomial matrix pencil
F,,(A\) defined by (3.5). Thanks to the latter lemma and (3.6), we obtain

. mn 1 N mn ezt 9
B =S = (B ) =25 (Re ——)? >0
P = 2 e — 0P m 22 (Re )

Since the characteristic values continuously depend on the coefficients, letting
m — oo in the latter relation, we get the required result. Q. E. D.

12.5 Variations of characteristic values of entire pencils

Let Ay, Br (k=1,2,...) be n x n-matrices. Consider the matrix pencils

0 k
FO) =3 (,j,)WAk (Ao = 1) (5.10)
k=0 ‘"
and
- © A\
FO)=>" 8 By (By =1I,,A€C) (5.1b)
k=0 V"

with a positive 7. Assume that

the series O = [ZAk A7) 2 and Of = [ZB;C BZF/Q converge. (5.2)
k=1 k=1
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Our main problem in this section is: if Ay and By are close, how close are the
characteristic values of F' to those of F' 7 The quantity
~ 1 1

rvp(F) = maxmin |[—— — =

will be called the relative variation of characteristic values of pencil F with
respect to pencil F'.

Everywhere in this section p is a natural number satisfying the inequality
p>1/2v. Put

wy(F) := 2Noy(OF) + 2n(((29p) ~ 1]/,

where ((.) is the Riemann zeta function. Denote also

p—1 K 2
wy (F) 1 wP(F)
&(Fy) =) e [+ = 57] (y>0) (5:3)

—o Y Yy
and -

a= [ 4 - Bl ",

k=1

where [|.|| is the Euclidean norm.

Theorem 12.5.1 Let F and F be defined by (5.1) and condition (5.2) hold.
Then

rup(F) < rp(F,q),

where r,(F, q) is the unique (positive) root of the equation

ap(Fry) = 1. (5-4)

The proof of this theorem is presented in the next section.
If we substitute the equality y = zw,(F) into (5.4) and use Lemma 1.6.4,
we get 7p(F, q) < 0p(F, q), where

__J epgq ifw,(F)<epgq
B = { L b Gy ) e
Therefore, rvp(F) < §,(F, q).
Put
W;={2€C:¢ (F{E—LD>1} G=1,..,0)
J P ’ 2 ZJ(F) = 3t V)

where | < oo is the number of the zeros of F. Since &,(F,y) is a monotone
decreasing function with respect to y > 0, Theorem 12.5.1 yields the following
result.
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Corollary 12.5.2 Under the hypothesis of Theorem 12.5.1, all the charac-
teristic values of F' lie in the set

Ugo‘ozle
provided | = oo. Ifl < oo, then all the characteristic values of F are in the
set

l

Uj=0wj7

where
Wo ={z¢€ C:¢(F,1/|z]) > 1}.

Let us consider approximations of an entire function F by the polynomial
pencil

m k
hm(N) =Y Bi) (Bo=1,A€C).

|
k=0 (k1)
Put -
~ 1/2
gm(F):=[ > IBl’]
k=m+1
and

wp(hm) =2 Ny/2(Y_ BiBi) +2 [n(¢(2yp) — 1)/
k=1

Define &,(hm,,y) according to (5.3). Taking h,, instead of F' in Theorem
12.4.1, we get

Corollary 12.5.3 Let I be defined by (5.1b) and satisfy (5.2). Let 7, (F) be
the unique (positive) oot of the equation

qm(F)gp(hnzvy) =1.

Then either for any characteristic value z(F) of F there is a characteristic
value z(hy,) of polynomial pencil hy,, such that

=~ T <)
or R 1
(P2

Suppose that under (5.1), there is a constant dy € (0, 1), such that

mkﬁx \k/ HAkH < l/do and mkﬂx \k/ HBkH < 1/d0,

and consider the functions

oo k oo
Fan =Y % and Fy(\ Z B’“((d,o
k=0 ’ =0
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That is, Fz(\) = F(do)) and Fy(\) = F(do)). So functions f(\) and h(\)
satisfy conditions (5.2). Moreover,

o0

wp(Fa) = 2[ ) dg*|Axf’]

k=1

Y2 4 aln(¢(29p) — 1))V

Since

Zd%kHAk — BkH2 < 00
k=1

we can directly apply Theorem 12.5.1 and its corollaries taking into account
that dozk(Fd) = Zk(F), dozk(Fd) = Zk(F)

Example 12.5.4 Let us consider the pencil

F(2) = I, + c12 + 2%e¢*Fcy (0 < p = const < 1)

with n X n-matrices c1,cy. As it is well-known, such matrix quasipolynomi-
als play an essential role in the theory of differential-difference equations, cf.
[Kolmanovskii and Myshkis, 1999]. Rewrite this function in the form (5.1b)
with v =1, and

B1 = C1, Bk = Cg,uk_zk(k - 1) (k’ = 2,3, )

Put
ho(A) =1, + 1z + ca72.

‘We have -
a2 (F) = lleall [ S 122k (k — 1)2) /%,
k=3

Clearly, this series converges. Furthermore, put
wy(hg) = 2Trace (c1¢i + 4each) + 2[n(C(2) — 1)]V/2.

Now we can apply Corollary 12.5.3.
Furthermore, from Theorem 1.7.5 at once we get our next result.

Corollary 12.5.5 Let F(z) and F(z) be two n x n-matriz pencils. Then
|det F(z) — det F(z)|

< Na(F(2) = B[+ 3 No(F(z) — (&) + 5 Na(F() + F(2)]™
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12.6 Proof of Theorem 12.5.1
For a finite integer m, consider the matrix polynomials
)\mfk )\mfk

:Z B A and Q(A Z ) B (Ag= By =1). (6.1)

k=0 k=0

So P(\) = P,(\). In addition, {2x(P)}?_, and {z(Q)}y, are the sets
of all the characteristic values of P and @, respectively, taken with their
multiplicities. We need the block matrix T'(+) defined by (3.2) and the block
matrix

-B1 -By .. —Bn_1 —Bp
) =L, 0 .. 0 0
T(y):= 0 #In .. 0 0

0 0 LI, 0

Thanks to Lemma 12.3.1 the relations
det P(\) = det (M — T(7)) and det Q(\) = det (Mpn —T(7))  (6.2)
are true. Put

=[S 14 - B? ]
k=1

and
wy(P) :=2 Nap(0p) + 2[n(¢(27p) — 1)}1/2177

where

Op = [ Acai]'"*:
k=1
&p(P,y) is defined according to (5.3).

Lemma 12.6.1 For any characteristic value z(Q) of Q(2), there is a char-
acteristic value z(P) of P(2), such that

2(P) = 2(Q)] < (P, Q),
where r,(P, Q,) is the unique (positive) root of the equation

q(Fv Q)fp(Pa y) =1

Proof: For the brevity put T(y) = T and T'(y) = T. Clearly,

T = Tlun = a(P, Q).
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Here |[|.|[;nn is the Euclidean norm in C™". Because of Theorem 2.12.4, for
any A;(T), there is a X;(T"), such that

IN(T) = Ni(D)lun < yp(T,T),

where y, (7, T) is the unique positive root of the equation

_ p—1 k 2p
17 = Tl > E2 I i (1 XD oy
k=0

But T'= M + C(v), where M and C(v) are defined in Section 12.3. So

0 0 .0 0

2

6 0 . 00 0 1 0

MM* = andCC*=[0 0 .. 0 0
0 0 .. 00 o o 0 I /m®

Hence,

In addition,

Thus,
* - 1/210
Nop(C™) = [nz k?p’y} :
Hence,
AN 1/2p
Nop(T) < Nop(©p) + [0 Y ]/
This and (6.2) prove the lemma. Q. E. D.

Proof of Theorem 12.5.1: Consider the polynomial pencils

T ARNE
Pt (k)Y

By,
(k!

)\k
ol

F,(\) = )

and F,(\) = Z
k=0

Clearly, A™F,,(1/X) = P(\) and F,,,(1/)A™ = Q(\). So
2k(P) = 1/2k(Fin); 26(Q) = 1/2(Fim)- (6.3)

Take into account that the roots continuously depend on coefficients, we have
the required result, letting in the previous lemma m — oco. Q. E. D.
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12.7 An identity for powers of characteristic values

Consider the entire matrix pencil

oo
F(\) =Y Cp\* (Co=1,) (7.1)
k=0
with complex in general n x n-matrices Cy, k = 1,2,.... In this section, we
derive identities for the sums
. = 1
k=1"k

To formulate the result, for an integer m, introduce the mn x mn-block matrix

- —Cy .. —Cpy —Chn
A L, 0 .. 0 0
Bn,=| 0 I, .. 0 0 (m>1)
0o 0 .. I 0

and Bl = —Cl.
Theorem 12.7.1 Let p(F) < co. Then for any integer m > p(F'), we have
3m(F) = Trace B™.

Proof: Consider the polynomial pencil
I
Fu(\) =) NGy
k=0

Clearly, \*F,(1/)\) = P()\), where
I

PO = NRCy.

k=0
So
(P)=
z =
AN
Now Theorem 11.2.1 yields the relation
i 1 = Trace B
2 (Fy) m

k=1
for any m < p. Taking into account that under consideration, thanks to the
Hadamard theorem, §,,(F) < co and that the characteristic values of entire
matrix functions continuously depend on its coefficients, we get the required
result. Q. E. D.
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12.8 Multiplicative representations of meromorphic ma-
trix functions

Again denote by B(C™) the set of all n x n-matrices. Let
A=D+V (AeB(C")

be the Schur triangular representation of A (see Section 1.5). Here V is the
nilpotent part of A and

n
D =Y M(A)AE;
k=1
is its diagonal part, AEy = Ey, — Ex—1 (k=1,..,n), Ey =0 and Ej (k =
1,...,n) is the maximal chain of the invariant projections of A (see Section
11.5). Again set

I xe=x1X2.. X0
1<k<m

for X1, Xo,..., X,, € B(C™). As it was proved in Section 11.5,

—

) AA
I-a"t= ] (Hﬁf&))’ (8.1)

1<k<n

for any A € B(C™) with 1 & o(A).
Now let F(z) be an entire matrix pencil. Put

U(z):=F(z) - 1.
Let Ex(F,2), k = 1,...,n, be the maximal chain of invariant projections of

matrix F(z) for a fixed z, and AEy(z) = Ex(F,z)— Ex_1(F, z). By (8.1) with
F(z) instead of I — A, we get our next result.

Theorem 12.8.1 Let F(z) be an entire matriz-valued function. Then for
any z € X.(F), the equality

T _ U(2)AEL(2)
e 1 0-=0ga))

is true, where Ey(z), k = 1,...,n is the maximal chain of the invariant pro-
jections of F(z) and A\p(F(z)) are the eigenvalues of matriz F(z).

Furthermore, in Section 11.5, the equality

—

1 _ VAE
A= 1115

2<k<n
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has been proved for any non-singular matrix A. Now replace A by F'(z) and
denote by Dp(z) and Vr(z) be the diagonal and nilpotent parts of F(z),
respectively. Then the previous equality at once yields the following result.

Theorem 12.8.2 Let F(z) be an entire matriz pencil. Then

12.9 Estimates for meromorphic matrix functions

As it was shown in Section 11.8, for any invertible n x n-matrix A we have

-1 - gk(A)
A7 < kzzom7 (9.1)

where ||.|| is the Euclidean norm, po(A4) = p(4,0) is the smallest modulus of
the eigenvalues of A:
pold) = inf [N(A)],

.....

and
g(A) = (NF(4) = S a(A)?) 2.
k=1
Besides,
P(A) < JNF(A" - 4), (92

g*(A) < N3(A)—|Trace A% and g(e'"A+2I) = g(A) (1 € R,z € C). (9.3)

—

In addition, in Section 11.8 the inequality

1

A7 <
I~ = po(A)

has been proved. Put

Because of (9.1) and (9.4), we arrive at the following result.
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Theorem 12.9.1 Let F be an entire matriz pencil. Then for any z ¢ L(F),
the inequalities

—1(, S A0
[E~H (=)l < ];) VEIpET (F(2))

and
= 1 1 g (F(2)) | (=12
OIS et e
hold.

Furthermore, as it is proved in Section 11.8,

NpL(A)

-1
[A™" det Al < m

for any invertible n x n-matrix A. Hence, we easily get the inequality

1 Ny~ (F(2)

O S TSR

(2 & 5(F)).

Again consider the entire pencil in the root-factorial form
ok
F(\) = 1;) WAk (Ag = I,,A € C) (9.5)
with a finite v > 0 and n X n-matrices Ay, k=1,2,.... According to (9.3),

Q(F(/\)) = 9( Z WAk)7
k=1

since Ag = I,. Directly from (9.3), it follows that

e k
gFN) <> %NQ(Ak) (A€ Q).
k=1

Moreover, thanks to (9.2),
G(F@) < V2 %W}k)

k=1

for all real . Here Ap, = (A — A})/2i.

Now let us consider perturbations of entire pencils. Let F(z) be another
entire pencil. Put

(V) = [IEN) = FO)]-
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Lemma 12.9.2 FEach characteristic value p of 13‘() either satisfies the in-
equality

awlF~H(w) > 1,

or is equal to a characteristic value of F\(.).

The proof of this lemma is absolutely similar to the proof of Lemma 11.8.3.
Q. E. D.

This lemma and Theorem 12.9.1 imply
Corollary 12.9.3 Any characteristic value p of F() either satisfies the in-
equality

2: _ g (Fw)
= p’é“ ()R
or is equal to a characteristic value of F(.).
Now, let FL.(A) = (fjx(A))}, be the upper-triangular part of an entire
matrix-valued function F(\) = (f]k()\))?kzl That is,
FiO) = Fir(\) it § < k and fi(t) = 0if j > k.

Since diagonal entries of a triangular matrix are its eigenvalues, we get

po(Fr (V) = min |fia(V).

=1,...,n

According to the definition of g(A), we have the equality

gEO)=[ > WP

1<j<k<n

Furthermore, denote ~
a+(A) = [F.(A) = F(V)].
Then Corollary 12.9.3 with F(u) = Fy(u) yields the next result.

Corollary 12.9.4 Any characteristic value i of F(.) either satisfies the in-

equality
. Fy(p)
g NG,

min; |fm

or is equal to a zero of some fjj(.), ji=1..n

Let us investigate the characteristic values of the matrix quasipolynomial

K\ = ZA”G_MV — M (m < o0, A€ C), (9.6)

v=1
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where A, (v =1,...,m) are real constant n X n-matrices, and
0<h <..<hy,<x

are constants.

We will say that K(.) is stable, if all its characteristic values lie in the
open left half-plane C_. By the previous corollary, we can establish stability
conditions for K (.).

Indeed, let T, = (TJ(")) x—1 be the upper-triangular part of the matrix
A, = (a( ))j x—1- That is,
T =al) it j<kand T =0if j > k (v =1,...,m).
Put

= iTye*Mv — N
v=1

Thus, T'(\) is the upper-triangular part of K (), and the diagonal entries of
T(\) are

m

bre(\) = > afle A — . (9.7)

v=1

Besides, for all complex A, according to (9.3),
m
A) <D No(T,)e v Be .

Here

No(T) = D el

1<j<k<n

Consequently, for Re A > 0, we have

m
g(T(N) < gr =y No(T,
v=1
In addition, for all complex A,

(A M < Z [W, [|le™ e At

where W, = (WJ(Z ));1 r—1 are the lower-triangular parts of matrices
A, (v=1,..,m).

That is,
W) =al) it j > kand W = 0if j < k.
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Thus, for Re A > 0, we have
m
K =TV < gr =Y [Wa.
v=1

Let each function bgi(A) be stable, that is all its zeros lie in the open left
half-plane C_. Then T'(.) is stable and therefore

= inf i (7 .
pr j:l,.{r,ln;yGR bj(iy) > 0

Assume that
ar Z k
k=0 PT

Then

IK() - T Z |),3+1 "

o min; |bm

n—1

<QTZ k

kOT

provided Re z > 0. Thanks to the previous corollary, K(.) does not have
characteristic values in the open right half-plane. We thus have established
the following theorem.

Theorem 12.9.5 Let the scalar quasipolynomials b;;(.), j = 1,...,n, defined
by (9.7) be stable. Let condition (9.8) be fulfilled. Then the matriz quasipoly-
nomial defined by (9.6) is stable.

12.10 Zero-free domains

Theorem 12.10.1 The spectrum of the entire pencil
[e o]
= Zc,c)\k,co =7 (10.1)
lies in the set {z € C : |z| > 7}, where 7 is the unique positive root of the

equation
o0
> lIck]* =
k=1
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Proof: Introduce the pencil

'rn ch)\k (102)

Clearly,
A" F (1/A) = chw k. (10.3)

Now the required result directly follows from Theorem 11.6.2. Q. E. D.

The latter result can be considered as a generalization of the Cauchy the-
orem (see Chapter 4).

Let z;(F), j =1,2,...,1 (I < 00) be the characteristic values of F.

In particular, Theorem 12.10.1 and Corollary 5.12.2 imply the inequalities

1
inf|z;(F)] > ——————
W= () 2 T e
and 1
inf |z;(F)| > 5 ‘
G Inax{l,zj:1 1C511}

Theorem 12.10.2 Let F(z) be the entire pencil defined by (10.1). Then its
spectrum lies in the union of the sets

|A|>1and\|01+ 1\|Z|\0k\|>1

Proof: Again use the function defined by (10.2) and relation (10.3).
Now the required result easily follows from Theorem 11.7.3 . Q. E. D.

12.11 Matrix-valued functions of a matrix argument

Let A be an n x n-matrix and o(A) be its spectrum. Let M D o(A) be an
open set whose boundary L consists of a finite number of rectifiable Jordan
curves, oriented in the positive sense customary in the theory of complex
variables. Suppose that M U L is contained in the domain of analycity of a
scalar-valued function f. Then f(A) is defined by

= 2m/f JRA(A

© 2010 by Taylor and Francis Group, LLC



12.11. Matriz-valued functions of a matrix argument 279

Recall that Ry(A) = (A — AI)~! (A &€ o(A)) is the resolvent, I is the unit
operator. Recall also that the numbers

Ck
n—1
(k=1,.,n—1,n>2)and y,0=1

Y

are introduced in Section 1.10. Here

_ (n=1)
(ﬁ*‘xnfkfnw

are binomial coefficients. Evidently, for all n > 2,

9 (n—1)(n-2)...(n—k) 1
Tk = (n— 1)FH! S w

(k=1,2,...,n—1). (11.1)

Theorem 12.11.1 Let A be an n X n-matriz and let f be a function reqular
on a neighborhood of the closed convex hull co(A) of the eigenvalues of A.
Then

n—1
Al < su F(N\)]g* (A M
W(W_gbm%ﬁ (Nlg™(A)

Here ||.|| is the Euclidean norm in C", again, and g(A) is defined as in Section
12.9.

The proof of this theorem is divided into two lemmas, which are presented
in this section below.

Theorem 12.11.1 is sharp: if A is a normal matrix, and

sup |[f(A)[ = sup [f(N)],
A€co(A) A€o (A)

then, we have the equality || f(A)|| = supye,(a) [f(A)]-
Theorem 12.11.1 and inequalities (11.1) yield our next result.

Corollary 12.11.2 Under the hypothesis of Theorem 12.11.1 the inequality

n—1 k
(k) g (A)
17 <D sup 1O NGy

s valid.

Example 12.11.3 For a linear operator A in C™, Theorem 12.11.1 and
Corollary 12.11.2 give us the estimates

n—1 n—1 p k
a(A)t ko ok Yk a(ay N 9 (AN
lexp(At)|| < e §:g@@t75<ge E:(mpﬂ (t>0),
k=0 k=0
where a(A4) = maxg=1, ., Re \;(4).
To prove Theorem 12.11.1, we need the following technical result.
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Lemma 12.11.4 Suppose {di} is an orthogonal normal basis in C", (.,.)
the scalar product in C™, Ay, ..., A; are n x n-matrices and ¢(k1,...,kj+1) @
scalar-valued function of arguments

kl, ceey k’j+1 = 1, 2, ey ] <n.
In addition, define projections Q(k) by Q(k)h = (h,dg)d; (h € C", k =

1,...,n), and set

T= Z d(k1y s kjp1)Q(R1)A1Q(K2) - .. AjQ(Kjg1)-

1<ki,....kj+1<n

Then || T < a(@)|[|A1]|Az2] ... |A;]|l, where
a(p) =  max  |B(ki, ..., ki)

1<ks,....kj41<n
and |Ax| (k=1,...,7) are the matrices, whose entries in {dy} are the absolute

values of the entries of Ay in {dy}.

Proof: For any entry Ty, = (T'ds,d,,) (s,mm = 1,...,n) of operator T, we
have . 4
Tom = Z ¢(s,k2,...,kj,m)a£k)2...a,(f_)m,

1<k, ki <n v
where ag-ik) = (A;dy,d;) are the entries of A;. Hence,
) .
Tl <ale) Y .o af) .
1<hy sk <n

This relation and the equality

n

ITz|* = [(Tw); (z € C),

j=1
where (.); means the j-th coordinate, imply the required result. Q. E. D.

Let {ex} is the orthonormal Schur basis (the basis of the triangular repre-
sentation) of A. That is,

A=D+V (a(D) = c(A)),

where D is a diagonal matrix and V is an upper-diagonal nilpotent matrix.
Furthermore, let |V| be the operator whose entries in the Schur basis are
the absolute values of the entries of V' in that basis. That is,

n k—1

V1= lail(ex)es,

k=2 j=1

where aj, = (Aex, €;).
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Lemma 12.11.5 Under the hypothesis of Theorem 12.11.1, the estimate

n—1

k
<Y s (oI
k=0 A€co(A) k!
is true, where V is the nilpotent part of A.

Proof: It is not hard to see that the representation (3.4) implies the equality
Ry(A)=(A-IN"'=D+V -A)"!

= (I +R\(D)V)"'R\(D)
for all regular A. But R(D)V is a nilpotent operator, since V' and Ry(D)
have common invariant subspaces. Hence,

(R\(D)V)" = 0.

Therefore,
n—1

RA(A) = > (RA(D)V)¥(=1)*Rx(D). (11.2)

k=0

Because of the representation for functions of matrices

- 2m/f YRx(A)d\ = ch, (11.3)

where

Cr = (—1)k+! ! /f )(RA(D)V)FRy(D)dX

omi

Here L is a closed contour surrounding o(A). Since D is a diagonal matrix
with respect to the Schur basis {ey } and its diagonal entries are the eigenvalues

of A, then
n Qj
D)= —
-3

where Qr = (., ex)er. We have

Cy = Z Qj1v Z szv" vV Z ij]j1j2--~jk+l'

Jji=1 j2=1 Jrk=1
Here
P ey F)dA
JieJktd 27Ti L (>‘j1 — )\) e ()\jk:+1 — )\) ’
Lemma 12.11.4 gives us the estimate
Gkl < max Ly s VIR L

1<51 <o Sjrg1<n
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Because of Lemma 8.6.1,

Ao

|Ij1---jk+1| < sup %l .
A€co(A) :

This inequality and (11.3) prove the lemma. Q. E. D.
Proof of Theorem 12.11.1: Lemma 1.10.4 yields the inequality
VI < mpNZ (V) (k=1,...;n—1).

But No(|V]) = No(V). Moreover, thanks to Lemma 1.5.2, No(V) = g(A).
Thus,
H ‘Vlk ” < ’Yn,kgk(A) (k' =1..,n- 1)'

Now the previous lemma yields the required result. Q. E. D.

12.12 Green’s functions of differential equations

For an integer v > 1, we consider the scalar function G, (\,t) (A € C,t >
0), satisfying the equation

"Gy (At

% = A\'G, (A ) (t>0) (12.1)

with a real constant n and the initial conditions

G, (), 0)
oti

8"=1G, (), 0)

=0 (G=0,.v—2), —

=1. (12.2)

For example, if v = 1, n = 1, then Gy(\,t) = M. If v =2, = —1, then

sin (At)
)\ )

Ga(\t) =

and so on.
A function satisfying (12.1), (12.2) is the Green functions to equation
(12.1). For any continuous function h, a solution z(t) of the equation

dvx(t)
datv

—n\z(t) = h(t)

with initial conditions
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can be represented as

- /t G, (At — s)h(s)ds. (12.3)
0

Taking into account (12.1) and (12.2), we can write out,

"G, (A1) d*Gy(u,t)
dtv dtv

=n(N"Gu(\t) — p’Gu(p, 1) (A peCst=0).

So

(G 21; Gl ) (G t) = Gl ) = N = 171G (1),

According to (12.3), this gives

Go(Mt) — Gy (s t) = n/o Go0t— 8)N — p]G (1, 5)ds.

Hence, we get the following result.

Lemma 12.12.1 A and A be nxn matrices. Let the Green function G, (), t)
to equation (12.1) be regular in A on o(A) for each t > 0. Then

4Gy (A1)

L =AY G (A D), > 0 (12.4)

and

&G, (A,0) oG, (A,0)
ot otn—1
where I is the unit matriz. If, in addition, G, (\,t) is reqular in X on o(A),
then

=0 (j=0,..,v—2), =1, (12.5)

¢
G, (A1) — G, (A t) = n/ G (At —s)[A” — AV]G, (A, s)ds. (12.6)
0
In particular,

- t I
eAt o eAt _ / eA(tfs) [A o A}@Asds
0

and
A7 sin (At) — A7 sin (At) = /Ot A7 sin (A(t - 5))[A? — A2 ) A7 sin (As)ds.
From (12.6), it follows that

G (A, 1) = G (A, 1)]| < In| /Ot I1G (At = $)[[|A” = A”[|| G (A, 5)]|ds.

This inequality and Corollary 12.11.2 imply
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Corollary 12.12.2 Let the Green function G, (), t) to equation (12.1) be reg-

ular on co (A) U co(A). Then with the notation

1 oFG,(2,1)
At) = e
WA= G Ry e
the inequality
~ ~ n_l . ~
|G (A1) = Gu(A, D] < A7 = A Y cmig™(A)g’ (A)
m,j=0

1s valid, where
t
G 1= 1l [ (st = (A, 5)ds.
0

In particular, by Example 12.11.3 and the previous corollary, we arrive at the
inequality }
” eAt _ eAt”

t _ n—1 _ \ym,m 3 d A
o a(A)(t—s)+a(A)s (t—s5)"g™(A) s'g’ (A)
<A A||/0 e Z COEE G ds.

jim=0

This integral is simply calculated. If A and A are normal, then g(A) = g(A) =
0. So

_ N t _
HeAt _ 6At” < HA _ AH/ 6a(A)(t—s)+a(A)st
0
and thus

lA- 4]
a(4) —a(A)

||6At _ eAtH < (ea(A)t _ ea(ﬁ)t) (t > 0).

12.13 Comments to Chapter 12

Sections 12.2 - 12.4 are based on the papers [Gil’, 2003b, 2003c and 2004].
Theorem 12.5.1 appears in [Gil’, 2005d]. Theorem 12.7.1 is taken from [Gil’,
2008a], the more general case is considered in [Gil’, 2008¢c]. Theorems 12.8.1
an 12.11.1 are adopted from [Gil’, 2003a]. The material of Sections 12.9,
12.10, and 12.12 is probably new. Theorem 12.11.1 is taken from [Gil’, 2003a].
Lemma 12.12.1 is probably new.

Numerous mathematical and physical problems lead to analytic matrix-
valued functions of complex and matrix arguments, cf. [Diekmann, Gils, and
Verduyn Lunel, 1995], [Kaashoek and Verduyn Lunel, 1992], [Kolmanovskii
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and Myshkis, 1999]. The theory of matrix functions is well developed, cf.
[Bhatia, 1997] and [Higham, 2008]. Of course, we could not survey the whole
subject here and refer reader to the interesting recent papers [Hryniv and
Lancaster, 1999], [Lancaster, Markus, and Zhou, 2003], [Langer and Najman,
1992], [Lasarow, 2006], and [Mikhailova, Pavlov, and Prokhorov, 2007].
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List of main symbols

| Al operator norm of an operator A
(.,.)  scalar product
1 inverse to A

conjugate to A
Ar=(A— A%)/2i
Ap=(A+ A%)/2
Bp is defined on page 56
C"  complex Euclidean space
det (A) determinant of A
det, (I — A) regularized determinant of A
g(A)  is defined on page 8
() Euler gamma function
H separable Hilbert space
I =1y identity operator (in a space H)
Ae(A)  eigenvalue of A
vi(r) counting function of roots of f
Ny(A) Schatten - von Neumann norm of A
N(A) = N3(A)  Hilbert-Schmidt (Frobenius) norm of A
R" real Euclidean space
Rx(A) resolvent of A
rs(A) spectral radius of A
p(f) order of f
p(A, \) distance between a point lambda and the spectrum of A
rvy(h) relative variation of zeros of h with respect to zeros of f
SNy Trace class
SNy Hilbert-Schmidt ideal
SN, Schatten - von Neumann ideal
s;(A)  s-number (singular number) of A
sva(B)  spectral variation of B with respect to A
o(A) spectrum of A
Tr A= Trace A trace of A

(P _ _ 1

F [k /p]!
[x] integer part of =
varp(Q) variation of zeros of @) with respect to zeros of P

zk(f) zero of f
¢() Riemann zeta function

A7
A*
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